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SCIENTIFIC REPORT:
AFOSR, F49620-96-1-0481(1996-97)

—RESEARCH ON RELATIONS BETWEEN WAVELETS AND OPERATORS—

By XINGDE Dal

UNIVERSITY OF NORTH CAROLINA AT CHARLOTTE

During the period of the support, I have done some work related with
my research, education of graduate students, and application of my results
in industry which will be illustrated in this report. I will describe this in four
sections as follows:

1. Some Results and Publications.
2. Ph.D. Thesis directed.

3. Conferences and Presentations.
4

. Transition to Industry.

1. Some Results and Publications.

(a) We (this principal investigator and his student Mr. Rufeng Liang)
obtain the characterization of wavelet multipliers. This result was
obtained independently (same time) by David Larson and his stu-
dent Mr. Qing Gu. Here is the statement of the theorem:

Theorem 1 A measurable unimodular function v(s) has the prop-
erty that for every orthogonal wavelet ¥, the function v(s)y(s) is
the Fourier Transform of an orthogonal wavelet if and only if the

function "”((2:) is 2w -periodic.

DTIC QUALITY INCPCCTED 1
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(d)

Guido Weiss showed that the word “unimodular” can be deleted
from the theorem. The function v is called a wavelet multiplier.

We obtain the characterization of phases of MRA wavelets. This
result states as the following theorem.

Theorem 2 Let ¥ be an orthogonal wavelet with an MRA. Let n
be a function defined by

fi(s) = e [(s)|-

Then 7 is an orthogonal wavelet and there is a wavelet multiplier
v(s) such that

D(s) = v(s)(s)

We obtain the path-connectness of MRA wavelets. This result was
obtained by Deguang Han, David Larson and Shijin Lu during the
same week independently by using different techniques. The result
state as the following theorem.

Theorem 3 The set of MRA wavelets is path connected in L*(R)-
norm.

With David Larson and Darrin Speegle, this investigator obtains
some new results on wavelets in R"

The results in a),b) and c) are collected in the following paper:

(The Wutam Consortium,) Basic Properties of Wavelets. The
Wutam Consortium is a group of people worked on the problems
which is led by Guido Weiss and David Larson. The paper will
appear in the Journal of Fourier Analysis and Applications.

The results in d) are materials in two papers:

(with David Larson and Darrin Speegle) Wavelet Sets in R", Jour-
nal of Fourier Analysis and Applications, pp. 451-456, Vol 3, No
4, 1997 ‘




e (with David Larson and Darrin Speegle) Wavelet Sets in r® 11,
Contemporary Mathematics, to appear.

2. Ph.D. Thesis directed.

Mr. Rufeng Liang enrolled into our graduate school in spring 1996.
He took two of my courses on wavelets. He passed the preliminary
exam in August, 1996 and passed the qualify exam and language exam
(French) in spring 1998. Mr. Liang is writing a Ph.D. thesis. He has
developed deep results in wavelet theory under the direction of this
principal investigator. The results in a)-c) in the previous section are
part of his thesis. Mr. Liang expects to defense his thesis in summer
1998. Mr. Liang received an Research Assistantship during spring and
fall semesters, 1997. (Spring support by AF OSR, F 49620-96-1-0481,
fall support by DOE DE-AC22-94PCQIOOS(BDM-OK)).

3. Conferences and Presentations.

During summer 1997, this principal investigator was invited to give a
talk at the International Conference On Operator Algebras and Op-
erator Theory in Shanghai. He gave a presentation on the relation of
wavelets and operators. During the trip he was invited to visit Bejing
University, China. The following is the list of the author’s talks during
this supported (by AFOSR) period.

o An operator technique in wavelet theory, International Conference
On Operator Algebras and Operator Theory in Shanghai, East
China Normal University, July, 1997. A 20 minutes talk. Invited.

o Wavelets and operator theory, Beijing University, Beijing, China,
June 17, 1997. A one hour talk. Invited.

o Applications of Wavelet Transforms in Petroleum Industry, BDM-
OK, Battlesville, Oklahoma, May 5, 1997.

e Some results in wavelet theory, Functional Analysis conference at
UNC-Charlotte, April, 1997. A 45 minutes talk. Invited.




4. Transition to Industry.

Innovative techniques and methodologies have been developed for up-
scaling reservoir properties using wavelet transforms. It has been shown
that wavelet transform can be used to successfully upscale a 2-D reser-
voir permeability data under single and multiphase flow conditions.
More recently, we developed a 3.D mathematical model for upscaling
reservoir properties. It has also been demonstrated that wavelet trans-
form, once coupled with geostatistics and fractal analysis, may provide
a better approach for constructing complex geological models due to
its unique ability to integrate multi-scale information.

The current techniques using wavelet transform for reservoir studies
showed promising results under relatively ideal conditions. We conduct
research for developing reliable algorithms and practical tools. The
new techniques and algorithms will properly handle discontinuities, in-
cluding the faults, fractures, geological facies contrasts and boundaries
under upscaling context. In addition, we are developing a practical
algorithm and related theories for effectively and precisely upscaling
3-D reservoir properties mapped in an irregular reservoir domain. We
are developing a mathematical model to combine wavelet transform,
geostatistics, and fractal analysis for efficiently integrating data of var-
jous scales in the characterization of the reservoir. This is a joint effort
of this principal investigator and BDM-OK. This research is currently
support by a grant provided by DOE.
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Basic properties of wavelets

The Wutam Consortium

Dedicated to Eugene Fabes
September 12, 1997

Abstract

A wavelet multiplier is a function whose product with the Fourier
transform of a wavelet is the Fourier transform of a wavelet. We
characterize the wavelet multipliers, as well as the scaling function
multipliers and low pass filter multipliers. We then prove that, if the
set of all wavelet multipliers acts on the set of all MRA wavelets,
the orbits are the sets of all MRA wavelets whose Fourier transforms
have equal absolute values, and these are also equal to the sets of all
MRA wavelets with the corresponding scaling functions having same
absolute values of their Fourier transforms. As an application of these

techniques we prove that the set of MRA wavelets is arcwise connected
in L2(R).

Foreword -
Two groups of collaborators, one led by Xingde Dai and David Larson and

the other led by Eugenio Herndndez and Guido Weiss, became aware that
they were involved in the study of wavelets and obtained results that had

.much in common, even though different methods were employed. Early in

1996 we decided to exchange our ideas by holding meetings attended by
us, our collaborators and students and by correspondence. This paper is
what we hope is the first of a series of reports describing our joint results.
Fourteen researchers are involved in this work. A few shorter notes describe




more technical aspects of the work performed by different subgroups of this
collection of fourteen researchers. At the end of this article, we shall describe
the group that we call the “WUTAM CONSORTIUM". This is not the name
of a Chinese city; it is the acronym for Washington University, Texas A
& M, the two institutions associated with each of us.

1 Introduction

We shall begin by examining the most basic facts about orthonormal wavelets -
on the real line R and show that there is a partition of this set that is partic-
ularly useful for understanding wavelets and their properties. In particular,
we will show that the wavelets, as a subset of the unit sphere in L?(R) have
some unexpected connectivity properties; moreover, we will obtain several
other properties of wavelets. In order to describe precisely the results we
obtain, we must present appropriate definitions, notation and the facts that
we assume the reader knows.

By an orthonormal wavelet (or, simply, a wavelet) we mean a function
¥ € L*(R) such that the system {v;x(z)} = {2/%%(2z — k)}, where j
and k range through the integers Z, forms an orthonormal basis of L?(R).
There are two equations, involving the Fourier transform, 7, that completely

characterize all wavelets. Let us agree to choose the following definition of
the Fourier transform:

= /Rw(:z:)e‘if’d:r

considered as a Lebesgue integral when 1 € L'(R) N L*(R) and as a limit in
the mean in the general case (see [11]). The characterization of wavelets is
given by the following:

Proposition 1.1 ¢ € L*(R) is an orthonormal wavelet if and only if ||y, >
1 and the following are true:

(i) Tiez lW(PEP =1 ae,;

(i) ta(€) = T520 P(276)%(29 (€ +2gm)) = 0 ace.

when g is an odd integer.




For a proof of this Proposition see chapter 7 of [6] where one can also find
the appropriate references to G. Gripenberg and X. Wang who discovered
this result independently.

These two equations can be used for constructing wavelets (and we shall
come back to this later on); however, there is an elegant method that is
often used to construct a large class of wavelets known as the Multiresolution
Analysis Method. A Multiresolution Analysis, or, simply, an MRA, is a
sequence M = {V} J € Z, of closed subspaces of L?*(R) satisfying

(1.2) V; C Vi forall jeZ
(1.3) feV; ifandonlyif f(2(-)) € V41 forall jeZ
(1.4) UjezV; = L*(R)

(1.5) There exists a function ¢ € V; such that {o(-—k)}, k€ Z, is an
orthonormal basis for V.

It is not hard to show that properties (1.2), (1.3) and (1.5) imply
(1.6) NjezV; = {0}

It follows readily from these properties that the spaces W; =V V ,
J € Z, are mutually orthogonal and their (orthogonal) d1rect sum equaAs

L*(R)

=PwW;. (1)

Jj€Z

It is clear from the above that a function 9 € W, such that {4(- -k)}, ke Z,
is an orthonormal basis for W} is an orthonormal wavelet. The collection of
all such wavelets will be referred to as the set of.all wavelets associated with
the MRA M = {V;}. We shall also say that an orthonormal wavelet ¥ is
an MRA wavelet if it is so associated with an MRA M = {V;}.

It is necessary that we review the well known explicit construction of
such an MRA wavelet; this will allow us to make some observations that do
not appear in the literature that form the basis for many of the results we

“will present. Given an MRA M = {V}}, let ¢ € V} be a function satisfying
(1.5). Such a function is called a scaling function associated with M. Since
30(3) € Vo1 €V (from (1.2), (1.3) and (1.5)) we can express this function
in terms of the orthonormal basis {¢(- +k)}, k€ Z :




%(p (—i—) =Y axp(z +k), _ (2)

= - - keZ

2/ $+kd

with Y xez |ok|? < oo and the convergence of the series in (2) is in the norm of
L*(R). The Plancherel theorem shows that we can take the Fourier transform
of both sides of equality (2) and obtain

?(26) = 0(€) 2_ ™ = 3(E)m(€) (3)

keZ

where

where

= et

k€Z
is a 27 periodic function in L*(T) = L?([—m,7)). This function m is uniquely
determined by the scaling function ¢ via equation (3) and is called the low

pass filter associated with . One can then show (see chapter 2 of [6]) that
¥ € L*(R) satisfying

-

U(€) = e/*m <§ + w)«f: (5> (4)
. 2 2
is an orthonormal wavelet associated with M . More generally, if
6 = s m (S 7)o ) )

with s a unimodular (that is, |s(€)| = 1 a.e.) 27 periodic measurable function,
then 7 is an orthonormal wavelet associated with M . In fact, Proposition
2.13 in chapter 2 of [6] asserts 1 is an orthonormal wavelet associated with
M if and only if (5) is satisfied. It is often useful to know if we can find a
scaling function ¢ € V; such that the simpler equality (4) is true (that is if

(5) with s(€) = 1 is satisfied). This is the content of the first theorem we
. shall prove:

Theorem 1. Suppose ¥ is an orthonormal wavelet associated with an MRA
M = {V;}, j € Z, then there ezists a scaling function ¢ € Vj such that ¢
and ¢ satisfy (4) where m is the low pass filter determined by ¢ .

4




We have seen that the class of all wavelets can be characterized (see
Proposition 1.1). There is also a simple (but not elementary) characterization
of the subclass of all MRA wavelets; moreover, one can characterize all ¢ €
L*(R) that are scaling functions for an MRA. These characterizations are
stated in the following two propositions.

Proposition 1.2 An orthonormal wavelet 1 is an MRA wavelet if and only
if
Dy =3 Y R (E+2%m)P=1 ae
J=1keZ

Proposition 1.3 A function ¢ € L*(R) is a scaling function for an MRA
if and only if

(i) Trez |P(E+2km)P =1 forae £€R;
(ii) limjoe [@(277€)| =1 for ae.f € R;

(iii) there ezists a 2m periodic functionm € L*([—m, 7)) such that $(2€) =
m(€)p(€) for a.e. £ € R.

The proofs for these results, as well as proper credits, can be found in
chapter 7 of [6]. It is useful to point out that equality (i) in the last proposi-
tion is equivalent’to the property that the sequence {¢(- — k)}, k € Z, is an
orthonormal system. The easy proof of this fact can also be found in [6].

An immediate consequence of Proposition 1.3 is that if ¢ is a scaling
function, then the function ¢ whose Fourier transform is || is also a scaling
function; however, ¢ may be associated with a different MRA. An example
of this phenomenon is provided by the Haar wavelet which is associated with
the MRA determined by the scaling function ¢ that is the characteristic

function of the interval [~1,0]. Then

3(€) = ewzsin(f/Q) .

(€/2)

.Let ¢ = (|@])V. If ¢ were a scaling function of this MRA, then () =

[(£)p(€) with | a 27 periodic unimodular measurable function. Indeed, if @,
¢ € Vp are each a scaling function for the MRA {V;}, j € Z, then

@(z) = Y onp(z — k)

keZ

)




with Fxez |ok|* < oo and the convergence is in the norm of L2(R). Taking
Fourier transforms of both sides, we then have

{Zake" } () = 1(E)(€).
keZ v

Since [ is the Fourier series of a function in L?(T) it is 27 periodic. This
fact and equality (i) in Proposition 1.3 imply that { is unimodular:

1= Z |c,o +2k7)|* = Z (€ + 2km)@(€ + 2km)|* =
keZ keZ

WO Y 1@(€ + 2km) > = 1(E)2 - 1 = |I(€)?

keZ
almost everywhere. In the Haar wavelet situation we are considering, we

would then have
—_ —-1§/2 | Sin(§/2)| — —i€/2
1e) = {seng) {emnSEEAL _

for £ € [-27, 27]\{0}, which shows that [ cannot be 27 periodic.

It follows from our discussion that if ¢, and ¢, are scaling functions of
the same MRA, then |$;(€)]| = |$2(£)| a.e. The same is true for two wavelets
Y1 and v associated with the same MRA: ]1&1 &) = lzﬁg({)}. We have just
seen that a scaling function whose Fourier transform equals |3,| (or |@a|)
may be associated with a different MRA and, as we shall presently see, the
same is true for an MRA wavelet. We shall see that there are situations
when it is desirable to reduce a problem involving wavelets to the case where
the scaling function ¢ involved satisfies $(€) > 0. Toward this end, it is
natural to study the properties of the class Sy,, %o an MRA wavelet, of all
those MRA wavelets 1 such that |@o(€)| = |5(€)] a.e., where ¢y is a scaling
function associated with the same MRA as ¢y and ¢ is a scaling function
related with ¢ in the same way. It is not hard to see that S,, coincides
with the class Wy, of all those wavelets ¥ such that |4 (€)] = |¥(€)] a.e.
(observe that it follows from Proposition 1.2 that any such v is also an MRA

"wavelet). Let us first observe that the inclusion Wy, C Sy, is an immediate
consequence of the equality

ENE; ©)




(see (2.16) in chapter 2 of [6]). Now suppose that ¥ € S,, and ¢, ¢, are
scaling functions related to ¥ and ¥, by equality (5). It is clear from (3) that
the corresponding low pass filters m and mg have the same absolute value
almost everywhere (recall that the low pass filter is uniquely determined by
the scaling function). It then follows from (5) that ¥ and 1, have absolute
values that are equal a.e. ; this shows that Sy, € W,. Thus, whenever
is an MRA wavelet,

Wyo = Syo- (7)

There is another description of this class of wavelets that is most useful to
us. This involves the notion of a wavelet multiplier : a measurable function
v such that (v4)V is an orthonormal wavelet whenever ¥ is an orthonormal
wavelet. There is an elegant and simple characterization of these functions.
Before announcing this result let us make a few observations. It will be of
interest to us to consider what might be a larger class of such multipliers:
those measurable functions v such that (v4))Y is an MRA wavelet whenever
¥ is an MRA wavelet. It is natural to consider this notion of multipliers
in connection with scaling functions and low pass filters: we say that v
is a scaling function multiplier if v is the Fourier transform of a scaling
function whenever ¢ is a scaling function; similarly we say that u is a filter
multiplier provided um is a low pass filter whenever m is a low pass filter.
The characterization of these multipliers is the content of the second theorem
that we shall prove:

Theorem II. The class of wavélet multipliers coincides with both the class of
MRA wavelet multipliers and the set of scaling function multipliers. More-
over, a measurable function v belongs to any one of these classes if and only
if it is unimodular and v(2€) /v(€) is almost everywhere equal to a 27 periodic
function. A measurable function p is a filter multiplier if and only if u s
unimoduler and is almost everywhere equal to a 27 periodic function.

Let us now return to another description of the class W,,. If 1 is a
.wavelet let My, be the collection of all wavelets 1 whose Fourier transfom
equals 1/1/;0, where v is a wavelet multiplier. Proposition 1.2 and the unimod-
ularity of v imply that any 1 € My, is an MRA wavelet when v is an MRA
wavelet. The third result we shall establish is




Theorem III. If ¢ is an MRA wavelet, then M, = Wy = Sy,-

When we defined the class My, we did not assume that Yo 1s an MRA
wavelet; moreover, the set Wy, can also be defined whether or not Yo IS an
MRA wavelet. Of course we must make this assumption in order to define
the class Sy,; thus, we can only consider My, and Wy, when 7 is not an
MRA wavelet. These two sets are not always equal in this last case. This is
one of the reasons we restrict our attention in this paper, for the most part,
to MRA wavelets. Most of the rest of this work is devoted to applications
of the equality obtained in Theorem III. Perhaps, the most interesting one
is the fact that this last result can be used effectively for showing that the
collection of MRA wavelets, as a subset of the unit sphere in L*(R) is arcwise
connected. More precisely, we shall prove

Theorem IV. If iy and ¥, are two MRA wavelets, then there ezists a con-
tinuous map A : [0,1] — L*(R) such that A(0) = 1, A(l) = ¢, and A(t)
is an MRA wavelet for all t € [0, 1].

If f(€) is 2 complex valued function on R, then f(£) = €¥©)|f(¢)| for
some real valued function 8 (which is clearly not unique). We call such a
function 3 a phase of the function f. Another application of Theorem III that
we shall present is a characterization of the phases of the MRA wavelets. We
will also make some observations about the phases of other wavelets. Finally,
we will describe the “shorter notes” that accompany this paper.

2 The Proof of Theorem I .

Given an MRA wavelet 1 satisfying equality (5) we must find a scaling
function ¢ with accompanying filter 7 such that

50 =< (§47)3(§) ®)

where ¢ and ¢ are scaling functions for the same MRA. But this means that

@(€) = t(£)¢(€), with t a unimodular 27 periodic measurable function. A
simple calculation shows that the filter m determined by ¢ is related to m

8




by the equality

(€) = t2E)TEm(E). _ (9)

Thus, eqﬁélity (8) can be re-written in the form

s-c ()5 o5 )

(we are using the 27 periodicity of ¢). Comparing this equality with (5) we
see that we can reduce the proof of Theorem I to establishing the following
Lemma:

Lemma 2.1 Suppose s is a 27 periodic, unimodular and measurable function
on R, then there erists a 2 periodic, unimodular and measurable function t

such that
s(&) = (&)t (g) t (§+w> (10)

Proof. We shall show that the solution ¢(£) is completely determined by
its restriction to the interval [0,7) and this restriction can be an arbitrary
unimodular measurable function. Toward this end let us rewrite equality
(10) in the form

t(§) = t(§ - m)E(2(€ ~ 7))s(26) , (11)
where we have used the fact that the desired solution ¢ is 27 periodic. Let
us partition [0, 27) into the subintervals I; = [27(1 — 277), 27 (1 — 2-7-1)),
17=0,1,2,...; thus,

o0

UZL=1[0,7)U[r,37/2) U3n/2,7n74) ... = [0,2r) .
7=0

We begin by defining the restrictions, t;, of t to the intervals ;. Let us choose
an arbitrary unimodular measurable function to on Iy = [0,7). If £ € I; then
§ —m and 2(§ — ) belong to Jo. Hence, equality (11) defines the function ¢,
“on I, in terms of ¢, and s. In general, if £ € ;4 then é — 7 € I; and 2(6—)
belongs to I; . Thus, equality (11) defines ¢;.; by letting

ti+1(§) = to(€ — m)t;(2(€ — ))s(2€)




when § € [;;,. Having so defined t on [0,27), we extend ¢t to R by 2=
periodicity. On the interval {7, 27) we rewrite(11) in the form

t(§)t(§ — m) = £(28)s(26). | (12)

Using the 27 periodicity of t, let us observe that each side of (12) is a
periodic expression and, thus, this equality extends to Uyez[km, (k + 1)7)

R. Then, putting n = 2¢ and solving for s(n) we obtain the desired equality
(10) (let us observe that on several occasions here, and in the sequel, we

use the fact that the reciprocal of an unimodular function is its complex
conjugate). a

—
i

3 The Proof of Theorem II

We begin with the characterization of the filter multipliers. Suppose, first
that p satisfies the two conditions stated in the last part of the announce-
ment of this theorem: it is unimodular and almost everywhere equal to a
2w periodic function. We claim that there exists a unimodular function ¢
satisfying .

p(€) = t(28)¢(£) (13)
(compare with equality (9) as a motivation for this equati(;n). Let ¢ be any
measurable unimodular function defined on the set S = [-2r, —7) U [T, 27).

If € € 285, let
tg) =t <§> p (g) ; (14)

then (13) is clearly satisfied for £ € S. We proceed inductively: assuming ¢
is defined on 25, j =1,2,...,n, so that (13) is valid on U;;IQjS, we define
t(€) by equality (14) when £ € 2™*1S. If £ € 2715 we let t(€) = t(26)(€).
We then use this last equality to proceed inductively for the definition of ¢t on
the sets 2"S, n < ~1. Since U,ez2"S = R\{0} we obtain a desired solution
of (13) for almost every point of R (in this case, all € # 0).
’ Suppose that m is a low pass filter defined by the scaling function . We
then claim that /= = um is the low pass filter defined by the scaling function
@, where @ = tp. That @ is, indeed, a scaling function is an immediate
consequence of Proposition 1.3:" Properties (i) and (ii) are clearly satisfied

10




since ¢t is unimodular and they are satisfied by the scaling function ¢; property
(iii) is also satisfied since m = um is 27 periodic and

3(26) = £20)3(2) = L2OMOE) = HEIMEOTTHE
= WO -

Conversely, if x is a filter multiplier, the fact that it must be unimodular is
an immediate consequence of the fact that any low pass filter satisfies the
equality
Im(&))* + Im(€ +m)|* =1 (15) -

for almost all £ (see (2.5) in Chapter 2 of [6]). For the Haar wavelet, the low
pass filter is m,(€) = (1 + €*)/2 and for the Shannon wavelet the low pass
filter is the 27 periodic function m; that equals the characteristic function
of the interval [-%,7) when restricted to [—m,7) (see examples B and C in
chapter 2 of [6]). The fact that pm,, being a filter, must satisfy (15) implies
that |£(€)] = 1 on the intervals [wé=l mi2l) k€ Z. This last property and
the fact that umj must satisfy (15) imply that |u(§)[ =1 on [rik=l piEdd)
k € Z. Since the union of these two collections of intervals forms a partition
of R, we see that the filter multiplier . must be unimodular.

Since my(€) # 0 when £ is not an odd multiple of # and pumj, being
a low pass filter, equals a 27 periodic function m a.e., we conclude that
p(€) = m(€)/ma(€) also equals a 27 periodic function a.e. This establishes
the characterization of filter multipliers.

We now turn to the characterization of the wavelet multipliers. Let us
frst show that if v is a unimodular function such that ¥(2€)/v(§) = v(26)v(€)

~

is 27 periodic, then it is a wavelet multiplier. We must show that ¥ = v
is the Fourier transform of a wavelet whenever ¢ is a wavelet. We do this
by showing that 1 satisfies the properties (i), (ii) in Proposition 1.1 and
ll¥ll2 > 1. Equality (i) and the last inequality are immediate since v is
unimodular and v satisfies these conditions (being a wavelet). Hence, the
only thing needed is to show that

S B(2E)B(2 (€ + 2qm)) = 0 ()

=0

a.e. when g is an odd integer. The summands of this series are equal to the
products

V(D€ (27 (€ + 2qm)) Y(2E)P(2 (€ + 2gm)) (17)
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for 7 2 0. When j > 1, using the unimodularity of v and the 27 periodicity
of v(2n)v(n), we have

- v(27€)v(2 (€+2q7'))=
v(2E)v(2 (2 v (T(E £ 27))-
v(27HE + 2gm) (D (€ + 2gm)) = (18)
(277w (2771(€ + 2g7))

since, by the 27 periodicity of v(2n)v(n) and the unimodularity of v, the
product of first two factors in (18) is the reciprocal of the product of the last °
two factors. We can continue this reduction and obtain

v(2€)v(27 (€ + 2q7)) = v(€)v(€ + 2¢7)

when j > 1. Thus, the series in (16) equals

v(§)v (€ + 2gr) Z Y(2E)Y(2 (€ + 2¢m)) = 0

j=0

a.e. and it follows that v is, indeed, a wavelet multiplier.

If we show that a wavelet multiplier v is unimodular, then Proposition
1.2 implies that ) is an MRA wavelet whenever ¥ is an MRA wavelet. Con-
sequently, the collection of wavelet multipliers is contained in the class of
MRA wavelet multipliers. We shall show that if v belongs to this last, possi-
bly larger, class, then it does satisfy the two properties (unimodularity and

the 2 periodicity of v(2£)/v(£)) we just used. Hence, the equality of these
two classes will be established.

Let us assume, then, that v is a wavelet multiplier and show that it must
be unimodular. Let F, = {£ € R: [v(§)] 2 T+ 1}, n > 1. Let ¢ be a

wavelet such that {€ : 4(£) = 0} has measure 0 (for example, we can choose
¥ to be the Haar wavelet). Then there exists an € > 0 such that

{€: (€ )|>6}ﬂFI>-!FI
where |S| denotes the Lebesgue measure of the measurable set S. Let N € N

be such that (1 +1)¥ > 1. Then vV4) is the Fourier transform of a wavelet
whose absolute value on the set {€ : [¢¥(£)| > €} N F, exceeds 1. But the
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Fourier transform of a wavelet cannot exceed 1 on a set of positive measure;
consequently, |F,| = 0. Since n € N is arbitrary, it follows that |v(€)] < 1
a.e. Moreover,

= lwll3 = (1/27) [ 1b(e) |d€>1/27r/|1/ (©)Pde =1

because (vw)Y. being a wavelet, has- L2 norm 1. Therefore the last inequality
is an equality and we can conclude that [v(€)] = 1 a.e. since ¥(€) # 0 a.e.
Let us observe that this argument also shows that an MRA wavelet multiplier
must be unimodular.

We shall now show the 27 periodicity of v(2€)/v(€) when v is an MRA
wavelet multiplier. It is easy to see that if 1 is an MRA wavelet then
e/2|1(€)| is the Fourier transform of an MRA wavelet. We can assume
that ¢ satisfies equality (5). Then, as we have already observed, || is a
scaling function whose associated low pass filter is |m|. Consequently,

m(§+7) 2 (5)] = cemricel

is the Fourier transform of an MRA wavelet. Let us choose 1% = ¥ so that

Y(€) £ 0forae. & (aga.ln the Haar wavelet provides us with such a wavelet).
Let g be a scaling functmn with filter mg, such that

ei€/2

o) = ¢V mg (£47)d0 (£) and du(6) = O u(e)

Then 1, is an MRA wavelet (by Proposition 1.2, since v is unimodular) and,
by Theorem I, we can find a scaling function ¢, and accompanying filter m,

such that
V(f)ei€/2|¢0(5)| =2 m, (g + 7T) @1 (g) . (19)

From (6) and the fact that [$o(€)| = [$1(€)| we have |3o(€)| = |1(6)] and

"Imo(€)] = |my(€)| a.e. Let us now replace € in (19) by 2¢ and divide each side

of this new equality by the corresponding sides in equality (19) to obtain

V(20 19620 _ _mulE+m) éu(6)
YO o)l mi(T+€/2) ¢i(€/2)
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my (€ + m) mi(£/2)
my(m +£/2)

Thus,

v(26) _ [0 (€)] mi (€ + ) my(£/2) _
v(€) [$0(26)] mu(m + £/2)
my (€ +7) |mo(m +&/2)] my(£/2)
Imo(€§ + )| mu(m+€/2) Imol(€/2)]

where we repeatedly used the expression of ¥ in terms of m and ¢, as well
as (3), to obtain the last equality; in particular, we have

(20)

o)l _ _Imo(r+¢/2)
lwo(26)]  Imo(€ +m)| Imo(€/2)]

The first fraction in (20) clearly defines a 27 periodic function. The product
of the last two fractions in (20) equals

Imy(m +€/2)] mi(£/2) - my(m+£/2) m(£/2)
my(r + €/2) Imu(€§/2)]  |mu(m +€/2)| |ma(€/2)]

which is clearly a 27 periodic function.

The characterization of scaling function multipliers is obtained in a sim-
ilar, and simpler, way. If t(€) is unimodular and t(2€)¢(€) is 27 periodic it is
immediate to verify that ¢ satisfies the conditions of Proposition 1.3 when ¢
does. Thus, t is a scaling function multiplier. If, on the other hand, we know
that ¢t is a scaling function multiplier, the fact that it must be unimodular
follows from the same argument we used for an MRA wavelet multiplier; this
time we can use the Haar scaling function ¢y instead of the Haar wavelet. We
also use the fact that @o(€) # 0 for almost all € to show the 27 periodicity of
§— t(26)t(€). Since tPp = @ is the Fourier transform of a scaling function,

@(26) = M(€)P(€), where n is the filter associated with ¢. But

P(26) = t(26)@0(26) = t(26)mo(€)@o(€) =
&m

t(26)mo(EE)(E)Pa(€) = t(26)t(E)mo(€)(E) -

14

. 4




It follows that m(£) = t(2£)t(§)moe(€) and, consequently,

- - _ m(§)
t(26)t(§) = —==
mo(§)
(since the functions we are using are non-zero a.e. and ¢ is unimodular). But
the last quotient is 27 periodic. ]

Let us observe that the three types of multipliers we have characterized
are related. An examination of our arguments shows that if ¢(£) is a scaling
function multiplier that produces the scaling function ¢ from the scaling
function ¢, then up(§) = t(2£)t(§) is the multiplier that gives us the low
pass filter /n defined by ¢ from the low pass filter m associated with the
scaling function ¢. The low pass filters are uniquely determined, via equality
(3), by the scaling functions. A low pass filter, however, can arise from
different scaling functions. This is reflected by the fact that equation (13)
has an infinitude of solutions. Each of these solutions is a scaling function
multiplier.

If v is a 27 periodic wavelet function multiplier, then each of the solutions
t of equation (11)- (with v = s) is a scaling function multiplier. There are
several other relations between these multipliers and the roles they play in
the structure of the sets W,,, Sy, and M,,. These questions will be the
subject of a future study.

4 The proof of Theorem III

We have already shown that W, = Sy, (see equality (7)). Thus, to establish
Theorem III we must show that My, coincides with either W, or Sy,. The
inclusion My, C W,, is immediate since wavelet multiplier functions are
unimodular.

We shall show that Sy, € My,. Suppose ¥, € Sy,. Let ¢; be the scaling

function such that
$;(€) = €¥/2 m; (W + g)% (g) ,

7 = 0,1 (Theorem I guarantees the existence of these scaling functions and
associated filters). As we have observed, |(¥o(£)| = |$1(€)| a.e. Let @ be the
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scaling function satisfying @ = |©;(€)] (4 is either O or 1); then 7 = |m;,]| is
the associated low pass filter and let ¥ be the wavelet satisfying

se=erm (§en)3(5)

We shall show that there exists a wavelet multiplier function v; such that

J;J = 1/]17) for j =0 and 7 = 1. Then v = 1 7g is also a wavelet multiplier

function (this is immediate from the characterization given in Theorem II)

and ¥, = vi)y. This, then, would establish the desired inclusion Sy © My,.
In order to construct the wavelet multiplier v; we first assume that

E={§;¢O(§)¢o}={£:§5(§)#0}={§:¢1(£)%0}=

In this case

Q)
tE) =
NG
is a well defined unimodular function. Moreover, it follows from our assump-

tion and (3) that neither m;(§) nor m(&) is ever 0. Let u = sgn m,; (that is,
p(é) =my(€)/m(§)). We claim that

t(2€)¢(€) = u(€) - (21)
To establish this equality we first observe that

2(26) = 1(26)@1(26) = t(26)my(£)Gi(€) =

t(20)t(E)mi(E)tE)1(E) = t(28){E)mi(E)B(€) -

)
From this it follows that m(£) = t(26)t(€)m,(€) and (21) is an immediate
consequence of this last equality. Moreover, t(2€)t(€) = p(€), as the ratio of
two nonzero 27 periodic functions, is also 27 periodic.
We claim that v, (§) = u(7 + £/2)t(£/2) is the desired wavelet multiplier
function. It is clear that it is unimodular; furthermore, using (21), we have

W (EATE) = K T O (vr ; g) : (g) B P (g) u (vr + g)

But the last expression is 27 periodic since p has this property. It follows

from Theorem II that v, is a wavelet multiplier function. Furthermore, we
claim that

B =0 . (22)
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Indeed, }
-. i) = m (" * g)w @ B

o (T PETH9(9)-

2 (74 (3 (§) =m0

We have established Theorem III when ¢,(£) # 0 for all £. When this is not
the case, t(£) = ;5(5)/951(5) is only defined on a set whose complement may
have positive measure; when this is the case we need to find an appropriate
extension of the unimodular function ¢(£) for all £ € R. We shall do this so
that (21) is satisfied by this extension when u is the 27 periodic unimodular
function satisying p(&)m(€) = my(§) and p(§) = 1 when m,(£) = 0 (we can
assume that @(€) = |1(€)| and Mm(€) = |my(€)] for all €). The argument
that established (22) with v, (§) = u(m + £/2)t(£/2) can then be carried out
in order to finish the proof of Theorem III.
Thus, we shall now show how to construct this extension of ¢(£). Let

F={€eR: 3 (27€) = m(2'€)p1(2%) for all | € Z}.

If we let
FF={¢€eR :'951(2[“5) = my(2€)$1(2€)}

for each | € Z, then F = NiezF; and R\F = Ujcz(R\F). Observe that
F, = 27'F} and, since |R\Fy| = 0, we have [R\F;| =0 for all l € Z and it
follows that

IR\F|=0. ~ (23)

It is also immediate that

F=2F forall leZ. (24)

Let E={€ € F:¢,(€) #0}. If 26 € E then, by the definition of £, 26 € F
and, by (24), we conclude that £ € F. In particular, ¢,(2¢) = m;(€)¢1(€);
this equality and ¢,(2€) # 0 (since 2 € E) imply ¢,(€) # 0. Thus, € € E;
that is, 27'F C E. It follows that

"EC2"E n=0,1,2,... . (25)
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Suppose that K is a measurable subset of F\ Unsg 2"E = NMpso(F\2"E).
We claim that

xk(€)31(27"¢) =0 forall n>0. (26)

It is clear that this equality is true when £ ¢ K. If £ € K then £ € F and, by
(24), 27¢ € F for all n € Z; moreover, 27"¢ € E for all n > 0. Consequently,
by the definition of E, ¢,(27"¢) = 0 for all n > 0. This proves (26).
The Fourier transform of 272, (2"z — k) is 27™/2e=#27"¢3, (2-0€), &,
n € Z. Hence, it follows from (26) that xx L V, for all n € Z. This fact,
together with (2.4) imply that |K| = 0 and, consequently, |F,\U,502"E| = 0.
Since :
R\Un3 2"E C (R\F)U (F\ Uy 2"E)

thé last equality and (23) imply

)

R\ Un>o 2"E

=0 . (27)

We are now ready to construct the appropriate extension of ¢(£). Let
Ag=E and A, = 2"E\2"'E for n > 1. Thus, if H = U,;»2"E, then

. R = (R\H) U (Un04n) ,

where A, N A, = O whenm #n,  R-H)NA, =0 forn > 0 and
IR — H| = 0 (by (25) and (27)). Let u be the 27 periodic, unimodular
measurable function we defined in the paragraph that follows (22). We define

to(€), for € € Ag = E as the ratio {5(5)/@1(5). Then, for n > 1 we define
tn+1(€) for £ € Apyy by letting

tas1(8) = w(€/2)tn(£/2)
assuming t, is defined on A, (observe that A,,; = 24, for n > 1). Then
t(€) is defined on H = U,»02"E = U,>04, by putting t(€) = t,(€) when

& € A,. Since R\ H has measure 0 we only need to establish (21) on H; that
is .

t(2£)t(€) = u(§) (28)

for £ € H with p satisfying p(§)m(€) = mi(€) and u(€) = 1 when m,(€) = 0.
As was the case before, u is a.e. equal to a 27 periodic measurable function.
Also observe that H = 2H.
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Suppose £ and 2 belong to &g = E. Then,

—— -

(28 =t0(26)91(26) = to(26)my (€)1(€) = to(26)te(§)mi(§)9(§) -

Ge

Since 3(2€) = m(€)@(€) and all the_values involved are non-zero, m(§) =

———— — e———

to(26)t0(6)m,(€) and we must have t(26)t(€) = to(26)to(§) = p(€) in this
case. Now suppose € € E but 2§ ¢ E, so that 2§ € 2E\E = ;. Then the
definition of t = ¢; on A, in terms of % and p show that (28) is satisfied
for these values of £&. We can now carry out an induction argument, similar
to the ones we have already given, that shows that (28) is satisfied for all
£ € H as the disjoint union of the sets A,. As we observed above, we can
then establish (22) by the same argument we used above in order to finish
the proof of Theorem IIL. O

5 The Proof of Theorem IV

The proof of this connectivity result will consist of two parts. The first is
devoted to showing that the class My, is arcwise connected. In the second
part we show that if ¥ and 1, are two MRA wavelets then an appropriate
element of My, can be connected by a continuous arc with a particular
element of the class My,. It is clear that this, then, proves Theorem IV.

Suppose ¥, € My,. Then ¥, = 1/1[)0, where v is a wavelet multiplier.
Thus, by Theorem III

pu(&) = v(28)v(€) (29)
is unimodular and is equal a.e. to a 27 periodic function. For simplicity,
let us assume that this holds for all £. We can write u(§) = €(¥), where
0 < B(€) < 2 for all §. We thus obtain a unique 27 periodic phase 3 for the
function p. We can also write v(£) = e*®). Our task is to find an appropriate
choice for A(€) so that

v (€) = e @), (30)

‘t € [0, 1], is a wavelet multiplier and the function 8 : t — e (€) = 14(&)Yo(§)
is a continuous map from [0, 1] to L*(R) whose values are wavelets that, for
t =0 and t = 1, equal 1 and 9, respectively.

We do this by means of an argument that is a variant of one we used
above (compare with the construction of the function t(€) at the end of the
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last section). Let E = [—4w,—27) U [2m,47). On E we select A so that
0 < A(€) <27 If £ € 2F we let

B ME) = A(E/2) + B(/2) . (31)
Then, making use of (29), we have
X9 = NN = (g /2)(E/2) = w(€) .

We then continue inductively: assuming that M(£) is defined on 2¥E, 0 <
k < n, we let A(£), for £ € 2" E| be defined by equality (31). In this way

we have selected a phase A(€) of v(€) = e for € € U,5¢2"E in such a way
that

A26) = A(§) = B(&) - (32)
If £ € 27'E we let A\(€) = A(28) — B(£) and use this equality inductively
to obtain A(&) defined on U,>,27"E. This gives us a function A defined on
R\ {0} satisfying (32) for all £ # 0.
It follows from Theorem II that v, is a wavelet multiplier for each ¢t € [0, 1]:
it is clearly a unimodular function and, by (32),
: v(26) _ ielr@e-ne) — gitale)

Vt(f)

which is 27 periodic since 3 has this property. Thus, ¥, = v,y € My,.

Finally, we claim that 6(t) = 1, is a continuous mapping from [0, 1] to
L?*(R). This is the case since

[9e(6) = Yo () = €2 — X [(£)[* < dlabo(€)I7

and, by the Lebesgue dominated convergence theorem and, then, Plancherel’s
theorem, we have, for each s € {0, 1],

P_{I}”% - ws||2 =0 .

This shows that each of the classes My, is arcwise connected.

We now pass to the second part of the proof. Since, by Theorem III,
My, = Sy, to show that any two MRA wavelets are connected by a contin-
uous path it suffices to choose ¢ to be the Shannon wavelet and select an
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appropriate element %, in any other class S,, where ¢ is an MRA wavelet,
and construct such a path that connects ¥ to ;. The appropriate ¥, € S,
is chosenso that it is associated with a scaling function ¢, such that @; > 0.
By the definition of &, this can always be done and we can assume that

$1(€) = e my(r + £/2)¢1(6/2)

where m, is the low pass filter associated with ;. We recall that the Shannon
wavelet 1), satisfies the analogous equality

ho(€) = e mo(m + €/2)0(£/2) |

where Po(€) = X[-rx)(§) and the associated filter mq is the 27 periodic
function that equals X{—x/2,x/2) On the period interval [—x, 7).

We shall construct a family of “intermediate” filters {m,}, t € [0, 1], that
connects mgy with m; and then use these filters to define a family of scaling
functions {,} from which we will obtain the desired path connecting v to
. This family is defined on [—=, 7) by letting m, satisfy"

(L=t)mo(§) +tmu(§) , €[5\ [-1-8)F 1-8)F)

1 . Eel-1-93 (1-15)
m& =\ SiemiErm §el-m-3)
Ji-mie+m) £elm

and, then, m, is extended to R so that it is 27 periodic.
We thus, obtain a non-negative 27 periodic function m, such that

m2(€) +mi(f+7)=1 forallé e Randt€0,1). (33)

Moreover, m,(§) = 1 on [—(1 = t)3,(1 - t)Z). At t = 0 we obtain the

Shannon filter and at ¢t = 1 we have the filter defined by ;. Let

@e(€) = [ me(277¢)
Jj=1
for £ € R. This product is well defined since 0 < m,(£) < 1. Moreover,

$t(§)=1 whenfe[-(1-t)m,(1—t)r) andO<t< 1. (34)
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It is also clear that 3;(2¢) = m.(§):(§) for all £ € R. Thus, ¢, satisfies
properties (ii)and (iii) of Proposition 1.3. We shall show that ¢, € L?(R)
and its inverse Fourier transfom ¢, satisfies property (i) of this proposition.
Thus ¢, is a scaling function. The argument we use to establish this is well
known in wavelet theory (see, for example, the proof of Proposition 3.9 in
Chapter 2 of [6]); however, our hypotheses are somewhat different and, for
the sake of completeness, we include it here.
For k > 1 let

k
pek(€) = Xjerm (2756 [[m(27%¢) .

j=1

FornEZandeQlet'

. 2k k-1 ‘ o
T = /R [uex(©)]e™dg = /-we,r m (27%¢) gmf(Q‘Jf) e~Mde .

Observe that [T52} m?(277¢) is 2*r periodic. Hence, using this fact and (33)
- we have:

2kx k-1 ) )
ne = /0 [m2(27%€) + m2(27F€ — )] Hlmf(g—%) e-imbde =
]:

k=1, k-1

[I mi(277€) e™™d¢
ij=1

—k=1g *

/R [b-1(€)]° e7™0dE =
2/:—1 = e =It':1=
[ lna@Femds = [ mi(e/2)ea =
R Lt,1 oy Tt
27 : r .
[ mie/2) + mie/2 - ml e e = [T emmede = 2msg

Clearly, limg o0 e x(§) = @:(€) for all £ € R and, by the above equalities,

ng = ||ull>2 = 27. Thus, an application of Fatou’s lemma shows that
¢ € L*(R) with [|@e]l3 < 2.

Suppose &€ € [—m, ), then £/2 € [-7/2,7/2) and, thus, m,(277€) > 1-¢
for j > 1. If t < 1 let us choose a ko sufficiently large so that 2% < 1 —¢.
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Hence, if £ € [-m,7) and k > ko, it follows from (34) that 3, (27%8) = 1.
Therefore,

ko ' oc A
@(f) = Hm:(Q—Jf) H mt(2_]f) 2>
Jj=1 j=ko+1

(1 - )@ (27%¢) = (1 - t)®
if £ € [-=, 7). Thus, we obtain

X-rm(€) < ( 2il8) (35)

1 - t)ko

for all £ € R. From this we conclude that
k £ j
pek(€) = X-nm(275€) I me(277€) <
j=1

G:(275) & —iey — @:(§)
a0 Lm0 = nmgs

_Since, as we just showed, ¢; € L*(R), we can apply Lebesgue’s Dominated
. Convergence Theorem to obtain

[ p@remniae = Jim [ lsr(@ ede =27,

Therefore, {¢:(- — k)}, k € Z is an orthonormal system and we have shown
that ¢, is a scaling function since it satisfies all the hypotheses of Proposition
1.3, ;

The proof of Theorem IV will be concluded once we show that t — ¥, is
a continuous mapping from [0, 1] to L?(R), where

b161= 57 m (=) ()

. We begin by examining the continuity of the map t — ;. Let us fix a point
s € [0,1] and list those points § € R such that t — m¢(€) is not continuous
at s. If0 < s < 1 there are, at most, four such points within [-m, ) : +rizt
and 7%t (when s = 0 or s = 1, there are, at most, two such points;
moreover, for these two values of s, we are only interested in continuity from
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the right at 0 and from the left at 1). Because of the 27 periodicity of m, we
must also consider the 2k7 translates of these points, £ € Z. We now pass
to the points of discontinuity at s of the map t — m,(2-7¢), 5 > 1. These
values make up the set

. — /1
Dsz{;*—_QJTr(IQS-i—Qk),:':QJ?r( :S+2z): k,leZ,jZI}

Let U = {£€R: limjo$1(277€) = 1}. We then have |[R\U| = 0 =
|Ds|.

Lemma 5.1 If £ € U\D; then lim,s 3:(€) = @4(€).

Proof. If n € [-7/2,7/2) then m,(n) is either 1 or (1 — t) + tmy(n). In
either case, my(n) > m;(n). From this it follows that

¢e(n) 2 é1(n) when n€ [-m, 7). (36)

For a fixed £ € U\D, and € € (0,1) we can find M = M (e, &) such that

¢1(27%) 21—¢ and 27| <

if n'> M. Hence,

+ﬁm‘<§€?> - ﬁm’ <2€7>

=1
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Because of our choice of £, t — m,(277¢€) is continuous at s for each j > 1:
therefore, there exists 6 = é(¢) such that

) - )

j=1

<eg

if |t — s| < 4. Hence, |3:(§) — 5(€)] < 3¢ if |t — s| < § and the lemma is
proved. 4

Since t — m,(£/2 + 7) is continuous at s whenever £/2 + 7 is not a
translate by 2km, k € Z, of the points of the form +7(1 £5)/2 and £ € U if
and only if £/2 € U it follows from Lemma 5.1 that

lim $,(€) = 94 (¢) (37)

for a.e. £ € R. Since ||¢]|3 = 27 = 1412 and my, m,, @, and @, are non
negative, an application of Schwarz’s inequality gives us

0< /Rmt (g + 71') e (g) s (g +7r) bs <§) d§¢ = <¢t:12)3) <2m .
We claim that ' L
il_I’I} <¢t, 1/}3) =27 . (38)

If this were not the case, there would exist a sequence {t,} € [0,1] and an
€ > 0 such that lim,_, t, = s and

o) () m (520 g 52

forn=1,2,3,.... Let us choose a compact subset X of R such that

[ ee)rdg > 2m -

Then, by (37) and the Dominated Convergence theorem (recall that |1(€)| <

1 when 9 is a wavelet) we have

o~ < [ WO = lim [ (0 %u(E)de <
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. § . (€ . .
hin—’sgclp ng" <§ -+ 'IT> Ot (5 mg g + T s g df S o2r —¢
which is a contradiction. Hence, from (38)

e = Dall3 = 1l + 16l ~ (e, Bi) = (s, ) — 4 — 27 = 27 = 0

ast — s. This establishes the desired continuity of the path we constructed
that connects vy to ¥; and Theorem IV is proved.

6 Further observations and description of the
consortium

The results in this paper have been obtained in a genuine collaboration by
members of the Wutam Consortium. There are and will be articles that
elaborate some of the results announced here. We emphasize, however, that
in this and subsequent reports by the Wutam Consortium, this collabora-
tion will continue and each member of the consortium should consider these
articles as part of their original scientific contribution.

Perhaps the first results on the connectivity of wavelets are contained in a -
paper by Aline Bonami, Silvain Durand and Guido Weiss [2]. These authors
restricted their attention to wavelets produced by very smooth filters. The
filters m they considered are elements of an infinite dimensional C* manifold
of 27 periodic functions m satisfying equality (15) and m(0) = 1. Their
construction of a path joining two such filters is very different from the two
presented in this paper. The continuity of the path is defined in terms of the
topology introduced on the manifold. This does produce a continuous path
of very smooth Fourier transforms of scaling functions, where the topology
of the image is defined in terms of the L? norms of the functions involved
and their derivatives. There is, however, a very important (and somewhat
- subtle) difference when all this is transferred to the Fourier transforms of
wavelets defined in terms of the filters and scaling functions that have been
constructed. There is a topological impediment that makes it impossible,
in general, to obtain a corresponding continuous path of wavelets. In order
to obtain an insight into this situation let us examine equality (5). The
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unimodular function s(§), in this situation, must also be smooth and, hence,
must belong to a homotopy class corresponding to an integer, the “winding
number” of the path that has values in the circle of radius 1 about the origin
in the complex plane. One can show that if we have a continuous path of
wavelets, in the smooth sense we are considering, the corresponding path
t — s:(€), t € [0, 1], must be a jointly continuous function in the variables ¢
and £. Thus, if 5o and s, belong to different homotopy classes, they cannot be
connected by an arc ¢ — s, having this joint continuity property. A simple
example of this situation is provided by trying to join the Haar wavelet vy
to its translate by 1, ¥ = (- — 1). If ¥y satisfies equality (4), then 1,
satisies (5) with s(§) = e~*. Since this last function and the function that
is identically equal to 1 are not in the same homotopy class, there is no
path, of the type we described, that joins them. These questions, as well
as an extension of the results by Bonami, Durand and Weiss can be found
in the Ph.D. thesis of Gustavo Garrigds, a student of Weiss at Washington
University.

Another interesting connectivity result was obtained by Darrin Speegle.
He showed (in his thesis as a student at Texas A&M) that all Minimally
Supported Frequency (MSF) wavelets are connected. These are the wavelets
whose Fourier transform has an absolute value that equals the characteristic
function of a set K’ C R. Such a set must have measure equal to 27. The
support of the Fourier transform of any wavelet cannot have measure smaller
than 2m; this is the motivation for so naming the above class. The MSF
wavelets are of interest for many reasons. The well known Journé wavelet
(see page 64 of [6]) was the first example of a non-MRA wavelet; it is an
MSF wavelet. The Shannon wavelet is another example of a member of this
class; it is, of course, an MRA wavelet. Auscher [1] and Lemarié [8] have,
independently, shown that if one makes very mild assumptions about the
Fourier transform of a wavelet (continuity and a decrease at oc) it must
be an MRA wavelet. These facts tend to indicate that “most” wavelets
are either MRA wavelets or MSF wavelets. Thus, if one joins Theorem IV
with Speegle’s result it is not unreasonable to conjecture that the class of
" all wavelets is connected. We shall return to these considerations below. An
elegant proof of the connectivity of a class of MSF wavelets can be found in
(7). It should also be noted that some notions of the connectivity of wavelets
formed some of the motivation for the results obtained in [5].

The notion of a wavelet multiplier function were introduced in a paper
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of X. Dai, Qing Gu, David Larson and R. Liang [3] and in the Memoir
[5] by Dai and Larson. The proof we presented of the characterization of
these fumrctions given in Theorem II is a variant of the one first produced
by these four authors. The consideration of the other multipliers considered
in Theorem III is naturally motivated by the study of wavelet multipliers.
Further results related to these multipliers, as well as the structure of the
classes My,, Wy, and Sy, can be found in a paper by Papadakis. Siki¢ and
Weiss ([9]). We have already mentioned the fact that the equality My, =
may be false when 1 is not an MRA wavelet. Gu has obtained an example of
two wavelets v¥;, ¥» such that w1 # uwo for all wavelet multiplier functions v.
In order to put these facts into some sort of perspective we first remind the
reader that if ¥ is an MSF wavelet, then e*(®)|1)(£)] is the Fourier transform
of a wavelet for all real valued measurable functions A(£) (see the “remark”
on pages 349-50 of [6]). Thus, My = W, when % is an MSF wavelet. In
this paper we show that this equality holds for all MRA wavelets. These
observations should be kept in mind in connection with our statement that
“most wavelets are MSF or MRA wavelets;” Gu’s example shows that there
are other wavelets. At present, it is not clear where they “fit” with respect
to the general connectivity question.

This particular exposition was written by Weiss who owes very special
thanks to Garrigés, Paluszynski and Siki¢ for many discussions concerning
the form that this exposition should take. They also read this manuscript
as it was evolving and made several very appropriate suggestions and cor-
rections. Theorems I and III will be elaborated in the collaboration [9]. The
elegant argument used in the proof of Lemma 2.1 is mainly due to three
students who took a course in the theory of wavelets given by Weiss: Marcin
Bownik, Wojtek Czaja and Ziemovit Rzeszotnik. The proof of the lemma
was assigned as an exercise in the course; their solution was certainly bet-
ter than Weiss’ original one. One can see from this solution the “inherent”
discontinuity of the solution, t(€) of the functional equation (10). This is
related to the homotopy impediment we discussed four paragraphs above.

We shall now list the members of the Wutam Consortium in two groups,
. the one associated with Texas A& M and the one associated with Washington
University. We shall give the present affiliation of each individual.

From Texas A&M
Xingde Dai, University of North Carolina at Charlotte;
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Qing Gu, Texas A&M University;

Deguang Han, Texas A&M University;

David Larson, Texas A&M University;

Rufeng Liang, University of North Carolina at Charlotte;
Shijin Lu, Texas A&M University;

Darrin Speegle, St. Louis University.

From Washington University
Gustavo Garrigds, Washington University;
Eugenio Herndndez, Universidad Auténoma de Madrid;
Maciej Paluszynski, Wroclaw University;
Manos Papadakis, Washington University;
Hrvoje Siki¢, Washington University and the University of Zagreb;
David Weiland, University of Texas;
Guido Weiss, Washington University.

Not all fourteen of these individuals were directly involved in the research
we described in this paper. This is, however, the first of what we plan to be
a series of expositions of the collaborative research conducted by this group.
Other results have already been obtained and will be described in these
. future publications. Each member of the Consortium has already made a
contribution to the series. As stated above, it is only fair that each one of
these researchers be considered as a collaborator for this article. We believe
that these results, that are so closely connected, are best presented as a
whole, rather as a number of papers whose inter-relations are not clearly
explained.

X.Dai and D.Speegle obtained their Ph.D. degrees at Texas A&M, R.Liang
is a student of Dai, Q.Gu, D.Han, and S.Lu are students working with
Prof.Larson at Texas A&M. G.Garrigds is a student at Washington Uni-
versity, Herndndez, Paluszynsk1 and Weiland were students of Prof.Weiss at
Washington University, Papadakis and Siki¢ are visiting faculty members at
. Washington University.
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Wavelet Sets in R’

Xingde Dai, David R. Larson, and Darrin M. Speegle

ABSTRACT. A congruency theorem is proven for an ordered pair of groups of homeomorphisms of
a metric space satisfving an abstract dilation-translation relationship. A corollary is the existence of
wavelet sets, and hence of single-function wavelets, for arbitrary expansive matrix dilations on L2(R").
Moreover, for any expansive matrix dilation, it is proven that there are sufficiently many wavelet sets 1o
generate the Borel structure of R".

A dyadic orthonormal (or orthogonal) wavelet is a function ¥ € L3(R), (Lebesgue measure),
with the property that the set

23y —1):nlez)

is an orthonormal basis for L%(R) (see [1, 2]). For certain measurable sets, E, the normalized
characteristic function ﬁ XE is the Fourier transform of such a wavelet. There are several charac-

terizations of such sets (see [3] chapt. 4, and independently [5]). In [3] they are called wavelet sets.
In[5, 6, 7] they are the support sets of MSF (minimally supported frequency) wavelets.

Dilation factors on R other than 2 have been studied in the literature, and analogous wavelet
sets corresponding to all dilations > 1 are known to exist ([3], Example 4.5, part 10). Matrix dilations
(for real expansive matrices) on R” have also been considered in the literature, usually for a “multi-”
notion of wavelet. The translations involved are those along the coordinate axes. The purpose of this
article is to prove a general-principle type of result that shows, as a corollary, that analogous wavelet
sets exist (and are plentiful) for all such dilations. In particular, “single-function” wavelets always
exist. This appears to be new. Theorem 1 seems to belong to the mathematics behind wavelet theory.
For this reason we prove it in a more abstract setting than needed for our wavelet results. Essentially,
it is a dual-dynamical system congruency principle. The general proof is no more difficult than that
for R”.

We point out that the wavelets we obtain, which are analogs of Shannon’s wavelet, need not
satisfy the regularity properties often desired (see [8]) in applications.

Let X be a metric space, and let m be a o-finite nonatomic Borel measure on X for which
the measure of every open set is positive and for which bounded sets have finite measure. Let 7
and D be countable groups of homeomorphisms of X which map bounded sets to bounded sets and
which are absolutely continuous in the sense that they map m-null sets to m-null sets. A countable
group G of absolutely continuous Borel isomorphisms of X determines an equivalence relation on
the family B of Borel sets of X in a natural way: E and F are G-congruent (written E ~g F)if
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there are measurable partitions {Eg: g € G} and {Fy: g € G} of E and F, respectively, such that
F, = g(E) foreach g € G, modulo m-null sets.
Ifr > 0and y € X, we write B,(y) = {(x € X: |x =yl <r}, and abbreviate B, := B, (0).
We will say that (D, T) is an abstract dilation-translation pair if (1) for each bounded set E
and each open set F there are elements 5 e Dand T € T such that T(E) € §(F), and (2) there is a
fixed point 8 for D in X which has the property that if N is any nhood of 6 and E is any bounded
set, there is an element § € D such that §(E) & N.

Theorem 1.

Let X, B,m, D, T be as above, with (D, T) an abstract dilation-translation pair, and with 6
the D-fixed point as above. Let E and F be bounded measurable sets in X such that E contains a
nhood of 6, and F has nonempty interior and is bounded away from 6. Then there is a measurable
set G € X, contained in ) 6(F), which is both D-congruent to F and T -congruent to E.

8eD
Proof. We will use the term “D-dilate” to denote the image of a set € under an element of D, and
“T _translate” for the image of 2 under an element of 7.

We will construct a disjoint family {Gij: i € N, j € {1,2}} of measurable sets whose D-
dilates form a partition {F;;} of F and whose T -translates form a partition {E;;} of E, modulo
m-null sets. Then G = |J Gi; will clearly satisfy our requirements. The i induction step will

i.j
consist of constructing G;; and Gj2.

Let {o;} and {B:} be sequences of positive constants decreasing to 0. Let Ny C E be a ball
centered at § with radius < a such that m(E\Np) > 0. Let Ey = E\N;.

Observe that we may choose 8; € D, 11 € T, so that (61_l o 11)(E1}) is a subset of F whose
relative complement in F has a nonempty interior. This is possible because since the interior of F 18
nonempty, there is a §;-dilate of F which contains a ball large enough to contain some t-translate
of E with ample room left over. Now set Fi; = (51'l o 71)(E11). (In this context, clearly we may
choose 8; and 7 such that, in addition, the 7;-translate of E is disjoint from any prescribed bounded
set — a fact that will be useful in the second and subsequent steps.)

Let Gy1 = t1(E1) = 81 (F11). Since §; is a homeomorphism of X which fixes 8, Gy is
bounded away from @ since Fi; is. Let Fjo bea measurable subset of F of positive measure, disjoint
from F1, such that the difference F\(F11UF 12) has a nonempty interior and measure < B1. Choose
¥1 € D such that y1(F12) is contained in Nj and is disjoint from G11. Set Ey2 := 1 (Fi2), and set
G2 = Ej3. The first step is complete.

For the second step, note that since F is bounded away from 6, N1\E\2 contains a ball N;
centered at 6 with radius < o such that Nj\(Ej2 U N2) has positive measure. Let

Es = N\\(E12UN2) = E\(En UE12 UN).

Choose §; € D, 12 € 7, using similar reasoning to that used above, such that (55 Vo 1) (Eqp)isa
subset of F\(F11 U F}2) whose relative complement in F\(F1; U F12) has a nonempty interior, and
for which 72(Ea1) is disjoint from G1; and G12. Let F) == (8{1 o12)(E21), and let G21 = 12(E21)-

Choose a measurable subset Fo; C F of positive measure disjoint from Fy;, F12, Fo1 such that
F\(F11 U F12 U F21 U F2,) has a nonempty interior and measure < ;. Noting that G131, G12, G21
are bounded away from 6, choose y2 € D such that y; (Fap) is contained in N and is disjoint from
Gi1, G2, Ga1. Set Ex := v2(F22), and let Gy := Eq.

Now proceed inductively, obtaining disjointed families of sets of positive measure {E;;} in E,
{Fij}in F, and {Gij}, such that

17YGi) = Ei,Gia = Ei, 8 '(Gi) = Fin,
y~NGi) = Fia, fori=1,2,...and j =1,2.
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We have E\(UE;;) = {6}, a null set, since o; — 0, and F\(UF;;) is a null set since B; — 0. Let
G = UGj;. Since §;, y; € Dwe have G;; € F foralli, J. So G < |J 8(F). The proof is complete.

§eD
O

Remark. Suppose K is any bounded set that is bounded away from 6 (i.e., K is contained in an
annulus centered at 8). Then the set G in Theorem 1 can be taken disjoint from K. This follows
immediately from the way the sets G;; in the proof are constructed. Moreover, for each n a disjoint
n-tuple can be constructed, all of which satisfy the properties of G and K above. To see this, mimic
the proof of Theorem 1, at each step constructing G,.lj, eeey G;‘j simultaneously, making sure that
they are disjoint from each other and also from all of the previous G,"k that have been constructed
to that point. This construction can easily be modified to yield an infinite pairwise disjoint family

{GF12. O

We will now relate Theorem 1 to wavelets.

Let1 < m < oo, and let A be an n X n real matrix which is expansive (equivalently, all
eigenvalues have modulus > 1 (see [9])). By a dilation-A orthonormal wavelet we mean a function
¥ € L2(R") such that

(%) (1det(A)F Y (A"t — (1, 12y ..., 1) n 1 € ZY,

where t = (f1,...,1,), is an orthonormal basis for L2(R™; m). (Here m is product Lebesgue
measure, and the superscript “#” means transpose.)

It is useful to introduce dilation and translation unitary operators. If A € M, (R) is invertible
(so in particular if A is expansive), then the operator defined by

(Daf)(t) = |det A|Z f(AD),

f € L3R"), t € R", is unitary. For1 <i < n,letT; be the unitary operator determined by
translation by 1 in the i th coordinate direction. The set (*) is then

{DETI ... Thy: k.1 € Z).

The term orthogonal wavelet has been extended in the literature to include a “multi” notion,
which is an orthonormal p-tuple (f1, ..., fp) of functions in L%(R™), each of which separately
generates an incomplete orthonormal set under the system of unitaries, and which together form an
0.n. basis.

Let F be the Fourier-Plancherel transform on L?(R), normalized so it is a unitary transforma-
tion. For f, g € LY(R) N L2(R),

-

1 .
F(Hs) = E‘/];{e—mf(t)dt
and
1 .
Flow = o= fR €% g(s)ds.

On L%(R") the Fourier transform is
FAE) = o [ e f0)dm
) (27{)"/2 n ’
where 5 o t denotes the real inner product. Write f = Ff,andfor A € B(R") write A:=FAFL

We have Dy = Dyn-1(= D;,l = D},), where A’ is the transpose of A, and TJ = M_is;, the
multiplication operator on R” with symbol f(sy,...,sn) = e—isi,
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By adilation- A wavelet set we will mean a measurable subset of R” (necessarily of finite mea-

sure) for which the inverse Fourier transform of (m(E ))"’1‘ XE is a dilation-A orthonormal wavelet.

We will say that measurable subsets H and K of R" are A-dilation congruent if there exist
measurable partitions {H;} of H and {K;} of K such that K; = A'Hj, | € Z, modulo Lebesgue
null-sets. Write H ~5, K. We will also say that E, F are 27 -translation congruent (write this
E ~, F)if there exist measurable partitions {E;: [ = (I},...,In) € Z"}of E and {F;: 1 € Z"} of
F such that F; = E; +2nl,1 € Z", modulo null sets. If W is a measurable subset of R” which is
27 -translation congruent to the n-cube E = [—7, T) X -+ - X [—o, ), itis clear from the exponential
form off'j that {7‘1"?212 T,,” . (m(W))"i‘xw: (1. ...,1x) € Z"} is an o.n. basis for L3(W).

If A is a strict dilation, so ||A~!|| < 1, then ABj 2 Bys--1. It follows that if F = AB)\Bj,
then {AKF: k € Z} is a partition of R"\{0}. If A is expansive, then A is similar to a strict
dilation. Therefore, A = TCT-! for T a real invertible n x n matrix, and with |C™!|| < 1.
If F4 = T(CBj\Bj), then {Ak Falez 152 partition of R"\{0}. Therefore, an expansive matrix has
a measurable complete wandering set F4 C R". It follows that L?(F,), considered as a subspace of
L2(R™), is a complete wandering subspace for D4. That is, L2(R") is the direct sum decomposition
of the subspaces {D‘fa L2(Fy)} xeZ,- Moreover, it is clear that any measurable set F’ with F "~s4 Fa
has this same property.

Corollary 1.
Let1 <n < oo and let A € My(R) be expansive. There exist dilation-A wavelet sets.

Proof. Let A be the group of homeomorphisms of R" generated by the map x — A'x. Let
T be the group of homeomorphisms of R” generated by the translations in each of the coordinate
directions by the integral multiples of 2. Then A-dilation-congruency means A-congruency and
27 -translation-congruency means 7 -congruency. Moreover, it is clear that (A, T) is an abstract
dilation-translation pair on R” in the sense of Theorem 1, withé = 0.

By Theorem 1, a measurable set W exists with W ~;,, Far and W ~q, E, where £ =
[—7, )". As remarked above, the set {ﬂ‘ﬁz .. A,f" ﬁw: l; €Z,1 < j < n}isano.n. basis for
L%(W), (with $WA= (n’z\(W))“%xW). Therefore, since L2(W), regarded as a subspace of L2(R"),

is wandering for D := Dy = D;,l, the set

{DFTH ... Ty keZjeZ,1<j<n)

is an o.n. basis for L2(R™), and W is a wavelet set for A. (Moreover, by Remark 5 it follows that
there is a countably infinite pairwise disjoint family of such sets.) O

A Hardy dyadic orthonormal wavelet is a function ¢ € L2(R) for which {2’2’ y(2't—£): n, le
Z} is an o.n. basis for the Hardy space of L2-functions f whose Fourier transform f has support
contained in [0, o0). An example is 1’/; = (2n)"%x[2n,4n). Therefore, [27, 477) is a Hardy wavelet
set. This idea can be generalized.

Corollary 2.

Let A € M, (R) be expansive, and let M C R" be a measurable set of positive measures that
is stable under A! in the sense that A'M = M. Suppose M 0\ F41 has a nonempty interior. Then
there exist measurable sets W C M with the property that, if Yw = (27)” 2 xw, then

(DETI .. Tl yw: k1 € Z)

is an orthonormal basis for F —L(L2(M)).

(Wavelets of this type were studied in [4] for the dyadic, n = 1 case, where they were called
subspace wavelets. The concept is that they are wavelets for proper subspaces of L2(R).)
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Proof. Apply Theorem 1, with F = MNFy and E = [—7, 1) X - - - X [—m, ), obtaining W with
W~ Eand W ~s, F.Since M is A'-stable, W C M. Also, {(ADW: ke Z} is a measurable

partition of M. Therefore, an argument similar to that before shows that {5’2 TII' ... T',f" 1'[7W: k.l e
Z}is an o.n. basis for L2(M). [

The following result points out that the set of wavelet sets for any dilation is large. We will
call an orthonormal wavelet for a dilation-factora > 1,a R, an g-adic orthonormal wavelet.

Corollary 3.

Let A € Mn(R) be expansive. Every measurable subset of R” is a countable union of inter-
sections of pairs of dilation-A wavelet sets. The family of Borel dilation-A wavelet sets generates
the Borel structure of R".

Proof. We first prove the a-adic case. Leta > 1 be arbitrary. Let d(-) denote the projection map
from R\{0} onto F = [—a, —1) U[1, a) determined by a-dilation, and let ¢ (-) denote the projection
map from R onto E = [—n, 7) determined by 27 -translation. That is, for x € R\{0}, d(x) is the
unique a-dilate of x contained in F, and for x € R, t(x) is the unique 2 -translate of x contained in
E. Note that E ~, [0, 27) ~1, ([=2m, ) U7, 2m). Suppose K is a measurable set in R\{0}
for which the restrictions d|x and t|g are one-to-one. Let Eop = E\t(K)and Fy = F\d(K). If E,
contains a nhood of 0 and Fp has a nonempty interior then by Theorem 1 and Remark 5 there are
disjoint measurable sets G, G, with G; ~u. Eoand G; ~5, Fy,i = 1,2. (By the construction
in the proof of Theorem 1 (and Remark 5) if X is Borel, then these can be taken Borel.) Let
W; = K UG;. Then W; ~5, Eand W; ~5 F. So each W; is an a-adic wavelet set. We have
K = W) N W,. We will show that each measurable set G € R has a measurable partition {G il
where each G; has the property of K.

Observe that if K has the property in the above paragraph, i.e.,d(-) and ¢ (-) are 1-1, Eq contains
a nhood of 0 and Fo has nonempty interior then every subset of K also has the property.

Suppose 0 < @ < B,andlet J = [o, B]. f B—o < 27 thent|;is 1-1,and if B < aa thend|,
is 1-1. If, in addition, J contains no integral multiple of 27, then J satisfies the property of K above.
Let J be the set of all intervals [o, 8] with0 < o < B, B < min{aa, o +27}, [, BIN27Z = ¢, «
and B rational. Observe that U{J: J € J,} = (0, o0)\2nZ. Let I = {[—B, —al: [, B) € T4},

and J = J.UJ.. Then |J J = R\27xZ. Let J;, Jo, . .. be an enumeration of 7,andletL) = J;,
Jeg
and

Liyi=J\(J1U---UJ) for j>1.

Then {L;: j € N} is a measurable partition of R\27 Z. ‘

Let G C R be a measurable set. Clearly we may assume G N2rnZ = ¢. Let Gy =GNl
Then {G;} is a measurable partition of G satisfying our requirements. If G is Borel, then each G ;18
Borel.

We adapt the previous proof to the general case. Replace F with F4r, E with the n-cube
[=7,7) X -+ X [—7,7), and d(-) and ¢ (-) with the corresponding projections from R"\{0} to F4:
and from R" to E, respectively. If K C R” has the property in paragraph one relative to these, the
same argument shows that X is the intersection of two dilation-A wavelet sets. The boundary 8C
of the n-cube C = [0, 2r) x --- x [0, 27) is an m-null set. Let Q = U{(dC) + 2L £ € ZM).
By construction 8 Fy: is also an m-null set. If J = B,(y) is a ball in R" contained in one of the
annuli (A")¢ F4r and which is also bounded away from @, then J satisfies the property of K. Let J
be the set of all such balls that have rational center and radius. Enumerate 7, define L j as above,
and observe that {L;: j € N} is a partition of R” modulo a null set. As above, if G C R"is a
measurable, the partition {G N L;: j € N} satisfies our requirements. O

Remark. Theorem 1 can be improved in several further ways.
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Xingde Dai, David R. Larson, and Darrin M. Speegle

e 1. Itis not necessary that m be nonatomic in Theorem 1. All that is needed is that {6} is
not an atom for m.

e 2. The hypothesis that E contains a nhood of # in Theorem 1 can be replaced with the
hypothesis that for each € > 0 there exists § € D such that §(F) € E N B.(8). If we let
F = U{8(F): § € D} U {6), then this is equivalent to the requirement that E contain a
subset of F which is a nhood of 6 in the relative topology of F in X. Remark 5 generalizes
as well.

e 3. Theorem 1 remains true, in the general form of Remark 5 and 1, 2 above, if we drop
the hypotheses that E and F are bounded and F is bounded away from 6. To adapt the

proof, write £ = U E,F= U F;, {E;}, {F;} disjoint, bounded, F; bounded away from
=0
6, and such that Eo and Fy play the role of E, F in the proof of Theorem 1; so E( contains

a nhood of 6 and Fp has a nonempty interior. Then, for k£ > 1, in the L‘h induction step
(in which Gy and Gy, are constructed), replace E with Eg U Ey U ---U E; and F with
Fo U Fi U. ..U Fy. The proof, thus modified, is easily seen to be valid.
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WAVELET SETS IN R* 1I
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Abstract

This article concerns a functional analytic approach to cer-
tain aspects of the theory of orthonormal wavelets and repre-
sents some of the pure mathematics underlying wavelet theory.
Wavelet sets have been useful in operator-theoretic interpola-
tion of wavelets and in smoothing techniques for wavelets, as
well as for pointing out the existence of single function wavelets
in higher dimensions. We give some new concrete examples of
wavelet sets in the plane and in R™, both for dilation factor 2
and for certain other expansive dilation matrices. We also re- -
view the state of the subject since our first paper, including some
examples that have been worked out by others. We give a proof
of the existence of subspace wavelets corresponding to dilation
factor 2 for arbitrary dilation-invariant subsets of R® of positive
Lebesgue measure. This theorem is new to the literature and
has not been published elsewhere.
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1 Introduction

In the article [4] the authors proved the existence of single-function
orthonormal wavelets in L2(R") for n > 2. If A is any real expansive n x
n matrix (equivalently, all eigenvalues of A are required to have absolute
value > 1), then the main result of [4] shows that orthonormal wavelets
exist for the dilaﬁ‘én factor A. That is, there is a single function u €
L?*(R™) for which

{|det A|Fp(A™t — €): m € Z,0 € ZM} (1.1)

is an orthonormal basis of L2(R*). This was apparently somewhat of
a surprise, because prior to this it was suspected by several researchers
that functions v satisfying (1.1) did not exist, even for the special case
where A4 = 2 (two times the n x n identity matrix). This latter is known
as the dyadic case, and it has been regarded by many to be the case of
maximum interest since it is strictly analogous to the one-dimensional
dyadic case.
The wavelets considered in [4] have the form

-1 1
F (—m “ XE)

for some measurable subset of R*, where F is the n-dimensional Fourier
transform on L2(R*). (See section 3.) These are called MSF (minimally
supported frequency) wavelets in the literature (see [8]). The sets E
which are the support sets of MSF wavelets are called wavelet sets.
MSF wavelets can be regarded as generalizations of Shannon’s wavelet
in the one-dimensional dyadic setting. The Shannon wavelet set is
[—2m, —m) U [m, 27). k

While the methods used in [4] were constructive they did not di-
rectly yield examples of an elegant nature. So no “concrete” exam-
ples were included in [4]. In response to this, Soardi and Weiland [18]
constructed several examples in the plane of an interesting fractal-like
character. Two others were independently constructed by Dai and Lar-
son for inclusion in [5] in response to a kind suggestion of the referee.
These were all for the case A = 2. One purpose of this article is to




review these results. and in addition. to give some new examples for
dilation factors different from 2. Another main purpose is to give a
proof that ~subspace” wavelets always exist for dilation factor 2. This
theorem generalizes results in both [6] and [4].

Before continuing further with this article it is important that we
take the opportunity to describe some of the rationale behind this work.
Indeed. from an ai)plications-oriented point of view, wavelet sets and
their associated MSF wavelets are pathological in the sense that they
have poor localization properties and have discontinuous Fourier trans-
forms. and in addition, while many are affiliated with a multiresolution
analysis (MRA) there are many that are not. Indeed, apart from the
Shannon wavelet (which is MRA) the others of this type which ap-
peared in the early literature, due to, for instance, Mallat and Journe,
were given specifically to point out such instances of pathology. How-
ever, the role they play in our work is not one of pathology. In a real
sense they play the role of basic building blocks in what is turning out
to be a global approach to some of the pure mathematics underlying
wavelet theory. They can lead to the construction of wavelets having
good regularity and localization properties, in particular.

The basic idea in the role of wavelet sets in the operator-theoretic
interpolation method given in [5] and discussed in [12] is just that,
given a finite (or possibly even countably infinite) family of wavelet
sets, there is a simple operator-theoretic criterion for when a given
bounded measurable function with support contained in the union of
the wavelet sets is the Fourier transform of a wavelet. In the finite
family case, one simply writes down a bounded linea;'operator using
a concrete formula in terms of the values of the given function on the
individual wavelet sets. The function is the Fourier transform of an
orthonormal wavelet if and only if the operator that is constructed is
unitary, of a Riesz wavelet if and only if the operator is invertible,
and of a frame wavelet if and only if the operator is a co-isometry. In
many cases it is exceptionally difficult to analyze these properties of
the operator. But in special cases, which are more common than might
be expected, this can be done using operator theory and methods of
C*-algebra. This leads to new families of wavelets, and in some cases,




famillies with good properties. In particular. in Chapter 5 of [3] it was
shown that the classical Meyer-Lemarié class of orthonormal wavelets
could be derived in this way by interpolating between two MSF wavelets
in the class. '

Another completely independent way of using wavelet sets and MSF
wavelets as basie building blocks in a unified wavelet theory is given
in the series [7, 9, 10] by Fang, Hernandez, Wang and Weiss, and is
also described in the recent book (8] by Hernandez and Weiss, in which
they developed techniques of smoothing appropriate MSF wavelets to
obtain wavelets with better regularity properties. They showed, in
particular, that the Meyer-Lemarié class could be derived by smoothing
the Shannon wavelet in this way.

In concluding this section, we note that in [1] Auscher showed, in
particular, that no single-function orthonormal wavelet for dilation fac-
tor A = 2 in dimension greater' than one could be MRA or could have a
Fourier transform that satisfied reasonable regularity hypotheses. Thus
VISF wavelets supported on wavelet sets such as in Figure 1 and Fig-
ure 2 can not be completely smoothed. However, these sets are still
useful in the theory because wavelet sets, and MSF wavelets, offer, due
to their simplicity, a large number of concrete examples in the mathe-
matical theory of wavelets that are convenient in our operator-theoretic
approach for hands-on computation in testing hypotheses. As such,
they have been especially good for the purpose of developing intuition
concerning theorems and problems. Moreover, we have recently been
able to show that single-function MRA wavelets and smoothing tech-
niques do, in fact, exist in higher dimensions for certain matrix dilation
factors other than A = 2 (the pure dyadic case). The interested reader
can verify that, in fact, Figure 9 represents an MRA wavelet set in the
plane. Further work in this direction will be the subject of a subsequent
paper, and so will not be reported on in the present article.

2 Examples

The proof of the existence of wavelet sets in the paper (4], while con-
structive, yields wavelet sets which are unbounded, have infinitely many
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components. and no symmetry. In this section. we will give several ex-
amples of wavelet sets which are more aesthetically pleasing as well as
having more potential for application. The first two are for the matrix
<(2) ())) and are the ones given in section 6.6 of [5]. Example 2.1 is the
same as Example 6.6.1 in [5], except for a larger diagram (Figure 1).
The second is Example 6.6.2 in [3], but the diagram (Figure 2) is new:
no diagram was given for this example in [5]. These wavelets are of the
tvpe in [18]; that is, in some sense, the examples consist of infinitely
many pieces pasted together in a clever manner. We encourage the
reader to consult the interesting article [18] for more wavelet sets and
diagrams of this type.

It came as somewhat of a surprise that if we allow the matrix A to
have a rotational component, then we can construct wavelet sets which
have additional nice properties. For example, we can construct wavelet
sets which are the union of two convex bodies, a wavelet set which has
only one component, and even a wavelet set which is a square. These
are Examples 2.3 and 2.4 which are taken from the Ph. D. thesis of the
third author [16], and Example 2.5 which was obtained by the third
author and Qing Gu, who kindly allowed us to include it in this article.
We thank him.

We recall here the following characterization of wavelet sets. This
was independently obtained by Fang and Wang [7] and by Dai and
Larson [3] for the one-dimensional case, and is contained in [4] and
described in [18] for the n-dimensional case.

Given a linear isomorphism A : R* — R*, a measurable set W C R"
is a wavelet set with respect to A if and only if -

(A(W):ieZ} and (W +2rk:keZ"

are both partitions of R®. That is, if and only if the set W tiles R® by
translations and by dilations.

The way that the sets in Figure 1 and Figure 2 were constructed
was by starting with a set E which tiles R? by translations, then by
translating pieces of E so that the resulting set tiles R? by dilations.

The construction of wavelet sets with respect to (3 g) in (5], [18]

5




Figure 1. Wavelet set W, in R?

and [4] were all constrcuted using some type of iterative scheme. Such
schemes yield wavelet sets which, in some sense, consist of infinitely
many pieces. However, it is interesting to note that the example given
in Figure 2 consists of only three connected componen{s. The authors
do not know if it is possible to construct a wavelet set- with respect to
21 (two times the identity matrix) which consists of only one connected
component. (For n = 1, there clearly is no such wavelet set, and it
seems unlikely that there is one for n = 2. For other n, it is not clear to
the authors what the conjecture should be.) Also, the sets in Figures 1
and 2 are bounded.

Example 2.1 The four corners set. (Figure 1.)




Figure 2. Wavelet set W, in R?

The diagram (Figure 1) for this was given in [5]. The proof we sketch
is different and more intuitive, although less formal. Let Wi, be the
portion of W) contained in the first quadrant. We will describe Wy, in
detail, and the rest will be obvious by symmetry.

Define an increasing sequence of numbers by dy := 0, and d, :=
1+4714.. 4 47"*1)Z for n > 1. Then, dnyr :=d, + 47"% and d,, =
2(1—4=™)7 for n > 0. Observe that for n 2 0 we have d, + 27 = 4d,,.,.
Now for n > 0, consider the sequence of squares

Sp = [dnadn+1) X [dm dn+1)-

In particular we have Sy = [0, T) x [0, z)and §; = [2,50) x [£ 81) ¢

follows that S, + (27, 2m) =48, forall n. Let S := U2 0Sn. Then,
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S + (21, 27) = 4(U%, Sn)-

n=1

Note that S is contained in the square [0,7) x [0, 7). The difference set

[0,7) x [0.m)\ 5

is the part of Wu‘i'nside [0,7) x [0, 7), and the translate (S + (27, 2;‘.—))
is the part of Wy, outside [0,7) x [0, 7). See Figure 1. That is,

Wy, = ([0,7) x [0,7) \ S) U (S + (27, 2m)).

By our construction, Wy, is 27-translation congruent to [0,7) x [0, 7).
Moreover, since

i(s + (27, 27)) = U2, S0 = S\ So
the set Wy is also 2-dilation congruent to the set Ty := [0, ) x [0, ) \
[0,%) x [0,3)-

Now, construct Wy, Wis, Wiy and To, T3, Ty, in the quadrants
2,3 and 4 respectively, by symmetry. Then, W, = UL Wy Let
T = ULT = [-m,7) x [-m,7) \ [-5,3) x [-5,5). Then Wy is
9r-translation congruent to the square [—,m) x [—m, ) which tiles R?
by 27-translation, and W) is also 2-dilation congruent to T, a square
dyadic torus, which tiles R? by 2-dilation. This proves that W, is a

dyadic wavelet set. [ |

Example 2.2 The wedding cake set. (Figure 2.)

This example was given in [5] as example 6.6.2, but without a diagram.
It is a construction very similar to Example 2.1. The proof here is
different from [5). Let W,g be the portion of W» contained in the
right half-plane. The left half Wy, will be obtained by symmetry. The
idea is to excise from the rectangle [0, 7) x [—, ) an infinite union of
disjoint adjacent rectangles which are stacked (sidewise here) like the
layers of a wedding cake, and to translate this to the right by 2. With
appropriate care in construction, this will yield a wavelet set.

Let d,, n > 0, be the same sequence of numbers as in Example 2.1.
For n > 0, consider the rectangles




Gn = [dn’ dn-H) X [_4—n ) g‘4—n )

T 3m

In particular. Go = [0.7) x [-5,%) and G, = [§, %) x [—%.%). Then
Gn+ (27.0) = 4G4y for all n. Let G := U oGn. Then

TG+ (21,0) = 4(U2,G,).

Observe that G is contained in the rectangle [0, 7) x [-m,7), and the
difference set ([0,7) x [~m,7) \ G) is the part of W,y inside [0, 7) x
[-m. 7). See Figure 2. Also, the translate (G + (2m,0)) is the part of
War outside [0, 7) x [-7, 7). So

War = ((0,7) x [-7,7) \ G) U (G + (2, 0)).

Then Wp is 27-translation congruent to [0,7) x [-7, 7). And, since

3G+ (2m,0)) = U2,G, = G\ Go

Wir is also 2-dilation congruent to Tg := [0,7) x [—m,7) \ [0,2) x
[~%,%). Now construct W, and T, in the left half-plane symmetrically.
Then Wy = Wor UW,. Note T = T U T}, is the same square torus as
in Example 2.1. As in Example 2.1, W, is 27-translation congruent to
[—, 7r)' X [-m,7) and 2-dilation congruent to T'; hence, W, is a dyadic
wavelet set. [ ]

In general, it is more difficult to construct a wavelet set directly,
without using approximation techniques as in (4], [5] and [18]. However,
if we allow a rotational component in our matrix, then we can directly
construct some simple examples of wavelet sets. The way the following
example was constructed was by trial and error. Many- different tilings
of R? by dilations were considered before one was discovered which also

tiles R? by translations.

Example 2.3 A wavelet set in the plane with two convex components.

We define S, := conv{($r, 0),(%71’, 0),(0,~27),(0,-7)} and S, :=
conv{((~3m,0), (-2m,0),
(0,7),(0,2m)}. Then W5 = S, U S, is a wavelet set for the matrix




Figure 3. Translation tiling by the wavelet set Ws

0 £

A=1{_x 8 ); that is, rotation by § and dilation by V2. (See

Figure 3 And Figure 4.)

The shaded portion of Figures 3 and 4 is the set W3 = S, US,. The
other polygons in Figure 3 give the tiling of the plane with respect to
translation, while the polygons of Figure 4 give the tiling of the plane
with respect to dilation by A. |

We now give an example of an iterative scheme which yields a
wavelet set with only one component.

Example 2.4 A wavelet set in the pfane with one connected compo-
nent. '

0 2-1/4 -
Let A= (_2_1 PR ); that is, rotation by 3 clogkwise and dila-
tion by 2-/4. Then, the set E = conv{(—4n,0), (-2, 0), (0, 2m), (0,4m)}
tiles R? by dilations; the tiling is similar to that of Figure 4.

Now, it is clear that E does not tile R? by translations, but the larger
set E, = conv{(—4r,0),(=2m,0),(0,4r), (27,47)} does. Translating
the piece of E; in Quadrant 1 to the left by 27 and combining it with
E yields a set which still tiles R? by translation, but its dilation by
powers of A has multiplicity. That is, the dilations by powers of A fail
to be disjoint. (See Figure 5.) Call this new set F.
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Figure 4. Dilation tiling by the wavelet set W3

Figure 5. The set E,
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Figure 6. The set E,.

Therefore, dilate the triangle shaded in Figure 5 by % and remove
it from F, and observe that the new set E» (Figure 6) tiles R? by di-
lations. Note that E, does not tile R? by translations; we are lacking
the shaded piece indicated in Figure 6. So, we translate it to the left
by 27, and continue the process. For 0 < i < oo, we define rect-
angles Y; by Vi =conv{(27(& — 1),275), (27(5 — 1),2r%), (2m(z —
2),2m%), (2m(% — 2),27%)}. Then, Wy = UZ, Vi is a wavelet set for
the matrix A. The proof that this is a wavelet set is not hard and is
outlined in Figure 7 and Figure 8.

The shaded portions of Figure 7 and Figure 8 correspond to the set
W, while the other sets demonstrate the tiling with respect to dilation
and translation respectively. While only the dilation tiling of quadrant
I1 is given, the tilings of the other quadrants are appropriately scaled
isomorphs of the given tiling. Likewise, only the translation tiling of
the strip {(z,y) : 0 < y < 2} is given; the tilings of the other strips
are similar. |

Example 2.5 A square wavelet set. (Due to Q. Gu and D. Speegle)

Let Ws be the square Ws = conv{(-%, %), (-&,-%),(-%&, %),

(—2—3’1,—%’&)}, and let the dilation matrix be A = ((1) _02> This
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Figure 7. Dilation tiling by'the one component wavelet set Wy

Figure 8. Translation tiling by the one component wavelet set W,
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Figure 9. Dilation tiling by the square wavelet set Wy

square has length 27, so it tiles R? by translation. It is also tiles R? by
dilations, as is clear from Figure 9. |
We note again that it is not known how nice wavelet sets in the

2 0
plane with respect to the dilation matrix (0 2) can be. For ex-
ample, it is not known whether there is a wavelet set with respect to

2 0
(0 2) which is the union of finitely many disjoint rectangles. While

this type of wavelet set may not have any applications, such simple
wavelet sets have an inherent beauty. (Note that a square annulus tiles
R? by dilation, so dilations alone do not form an obstruction. Also,
by the construction in [4], there is a wavelet set which is the union
of infinitely many rectangles, each of which has positive distance from
every other rectangle in the wavelet set.)

Some negative evidence is the following: Let W C R" be the union
of two compact, convex bodies in R*. Then, either W contains a neigh-
borhood of the origin, or there is a pointed cone C of positive measure
in R" such that C N W = 0. In the first case, W cannot be a wavelet
set. In the second case, R* \ C is invariant under the matrix 21. So,
(U2_2Y(W)) N C = 0. Hence, W cannot be a dilation generator of
R"; in particular, W is not a wavelet set.
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3 . Dyadic Subspace Wavelets

We require some material from [4]. The first is an abstract dual-
dynamical system congruency principal which was our main tool in
proving the existence of wavelet sets in dimensions n > 2.

Let X be a metric space, and let m be a o-finite nonatomic Borel
measure on .X for which the measure of every open set is positive and
for which bounded sets have finite measure. Let T and D be countable
groups of homeomorphisms of X which map bounded sets to bounded
sets and which are absolutely continuous in the sense that they map m-
null sets to m-null sets. A countable group G of absolutely continuous
Borel isomorphisms of X determines an equivalence relation on the
family B of Borel sets of X in a natural way: E and F are G-congruent
(written E' ~g F) if there are measurable partitions {Ey: g € G} and
{F,: g€ G} of E and F, respectively, such that F, = g(Ey) for each
g € G, modulo m-null sets.

Ifr>0and y € X we write B,(y) := {zeX: |z-y|< r}, and
abbreviate B, := B,(0).

We will say that (D, T) is an abstract dilation-translation pair if (i)
for each bounded set E and each open set F' there are elements § € D
and 7 € T such that 7(E) C §(F), and (ii) there is a fixed point 6 for
D in X which has the property that if NV is any nhood of 6 and E is
any bounded set there is an element § € D such that 0(E) C N.

Theorem 3.1 Let X,B,m,D,T be as above, with (D, T) an abstract
dilation-trenslation pair, and with 6 the D-fized point as-above. Let E
and F' be bounded measurable sets in X such that E contains a nhood
of 8, and F has nonempty interior and is bounded away from 8. Then
there is a measurable set G C X, contained in U 6(1*:‘), which is both
D-congruent to F and T -congruent to E. "er

We will now relate Theorem 3.1 to wavelet sets.

Let 1 < m < o0, and let A be an n X n real matrix which is
ezpansive (equivalently, all eigenvalues have modulus > 1 (cf. [15])).
By a dilation-A orthonormal wavelet we mean a function ¢ € L?(R")
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such that
{|det(A)|Fu(A™ = (h.lo- .- 1a)"): nl € Z}, (3.1)

where t = (t..... t,)t, is an orthonormal basis for L*(R":m). (Here m
is product Lebesgue measure, and the superscript “t” means transpose.)

By a wandering set for A we mean a measurable subset S C R"
which has the property that {A"S: n € Z} is a measurable partition
of R".

It is useful to introduce dilation and translation unitary operators.
If 4 € M,(R) is invertible (so in particular if A is expansive) then the
operator defined by

(Daf)(t) = | det Al f(At),

f e L¥R*), t € R*, is unitary. For 1 <1 < n let T; be the unitary
operator determined by translation by 1 in the ith coordinate direction.
The set (3.1) is then

DXTh . Thy: k1 € Z}. (3.2)
1 n

Let F be the Fourier-Plancherel transform on L?(R), normalized so
it is a unitary transformation. For f, g € L}(R) N L*(R),

F(f)(s) = —¢12=7r /R e £ (t)dt

F o)) = \/—- e“g(s)ds. -

and

On L?*(R™) the Fourier transform is
1 .
— —i(sot)
(FIS) = g [ € e, (3.9
where s ot denotes the real inner product. Write f=Ff andfor A€
B(R*) write D4 := FD4F~'. We have Ds = Da)-1(= D3/ = D3),

where A? is the transpose of A, and TJ = M, -.;, the multiplication
operator on R* with symbol f(s1,...,sn) = €7,
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By a dilation- A wavelet set we will mean a measurable subset of R*
(necessarily of finite measure) for which the inverse Fourier transform
of (m(E))~*xg is a dilation-4 orthonormal wavelet.

We will say that measurable subsets H and K of R are A-dilation
congruent if there exist measurable partitions {H,} of H and {K,} of
K such that K;-= A'H,, | € Z, modulo Lebesgue null-sets. Write
H ~s, K. We will also say that E, F are 2r-translation congruent
(write this E ~,, F) if there exist measurable partitions {E;: | =
(lio...,ln) € Z"} of E and {F}: | € Z"} of F such that F, = E, + 271,
[ € Z™, modulo null sets. If W is a measurable subset of R* which is
2m-translation congruent to the n-cube

E=[-mm7)x - x[-m7),
it is clear from the exponential form of TJ that
IET T () Hw: (.. 1) € 27)

is an o.n. basis for L2(W).
If 4 is a strict dilation, so [|A47!|| < 1, then AB; D Bjg-1j-1. It
follows that if '
F = AB,\B,,
then {A*F: k € Z} is a partition of R*\{0}. If 4 is expansive then A
is similar to a strict dilation. So A = TCT"! for T a real invertible
n X n matrix, and with ||C~!|| < 1. If

Fa=T(CB\\By),

then {4*F4}iez is a partition of R*\{0}. So an expansive matrix
has a measurable complete wandering set F, C R*. It follows that
L?(F4), considered as a subspace of L%(R"), is a complete wandering
subspace for Ds. That is, L*(R") is the direct sum decomposition of
the subspaces
{D5L*(Fa)}rez.

Moreover, it is clear that any measurable set F' with F’ ~s. F4 has
this same property.

The existence of wavelet sets is now nearly immediate from Theo-
rem 3.1. To facilitate exposition we include the proof from [4].
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Corollary 3.2 Letl1 <n<ocandletd € M, (R) be ezpansive. There
ezist dilation-A wavelet sets.

Proof. Let A be the group of homeomorphisms of R" generated by the
map r — A‘z. Let T be the group of homeomorphisms of R* generated
by the translations in each of the coordinate directions by the integral
multiples of 27r. Then A-dilation-congruency means .A-congruency and
97-translation-congruency means 7-congruency. Moreover, it is clear
that (A.7T) is an abstract dilation-translation pair on R" in the sense
of Theorem 3.1, with § = 0.

By Theorem 3.1 a measurable set W exists with W ~i,. Fa
and W ~,, E, where E = [-m,m)". As remarked above, the set
{Tflfé"’...f,’;iwz l; € Z,1 < j < n} is an o.n. basis for L2 (W),
(with vw = (m(W))‘%XW). So since L?(W), regarded as a subspace
of L?(R"), is wandering for D:= D.= D;}, the set

(DFTH . T k€ Z,l;€2,1<j < n}

is an o.n. basis for L2(R"), so W is a wavelet set for A. [ |

The simplest type of subspace wavelet is a Hardy wavelet. We re-
call the definition. A Hardy dyadic orthonormal wavelet is a function
¥ € L2(R) for which {23%(2"t — ¢): n,l € Z} is an o.n. basis for the
Hardy space of L2-functions f whose Fourier transform f has support
contained in [0,00). An example is ¥ = (27r)’%)<[2,,'4,,). So [2m,4m)
is a Hardy wavelet set. This idea can be generalized. To facilitate
exposition we abstract the following result and its proof from [4].

Corollary 3.3 Let A € M,(R) be expansive, and let M "C R™ be a mea-
surable set of positive measure which is stable under A* in the sense that
AtM = M. Suppose M N Fa: has nonempty interior. Then there ezist
measurable sets W C M with the property that, if @w = (27)" Txw,
then

{DETH ... Tryw: k,l; € Z} (3.4)

is an orthonormal basis for F~1(L*(M)).

Proof. Apply Theorem 3.1, with F = M N F4 and E = [—-m,7) X
- x [=m, ), obtaining W with W ~,, E and W ~;, F. Since
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M is At-stable, W C M. Also. {(AY¥11: k € Z} is a measurable
partition of M. So an argument similar to that above shows that
{DATH . Tinty: k.l € Z) is an on. basis for L2(M). W

Remark 3.4 Wavelets of the type in Corollary 3.3 were studied in [6]
for the dvadic n= 1 case, where they were called subspace wavelets.
The concept is that they are wavelets for proper subspaces of L*(R).

The new result that we wish to present is Theorem 3.7 below, which
generalizes Corollary 3.3 in the special case of dilation matrix A =
2] (the dyadic case) in the sense that the requirement that M N Fy
has nonempty interior is completely eliminated. So M can be any
dilation stable measurable subset of R with positive measure. The
“nonempty interior” condition can be replaced with Lebesgue density
considerations. These are well-developed in the classical literature for
scale factor 2 (that is, dilation factor 2), and readily extend to other
scale factors (that is, scalar dilation factors). But there seem to be some
real obstacles to extending this (density) theory to general expansive
dilation factors. For this reason we elected not to include Theorem 3.7
in our initial paper [4]. We felt at that time that the result was not
as general as we wanted. However, since then several of our colleagues
have indicated to us that the dyadic case is the case of greatest current
interest and have suggested that our result should be published. Thus
we include it in this follow-up paper.. We state, and prove, our result
only for the dyadic case. We note, however, that the proof adapts
trivially to the arbitrary positive scalar dilation factor case.

Let E be a measurable set in R* with m(E) > 0. “Then E has a
point of density y. B

This means (cf. [14, p. 261]) that

Lim MEN G (v))

B Gw) (34)

where C,(y) is the n-cube with center y, edge length 2r, and edges

parallel to the coordinate axes. Since the ratio of the measures of
Cr(y) and B,(y) is independent of r (where B,(y) is the ball, center y,
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radius r) it is easy to see that this is equivalent to

. m(ENB.(y)) _ -
I?H{)lm)_— =1. (3.3)

Hence
. m(EmB'_’“‘(y))_
S =y ) R (3

Fix a positive integer p. Multiplying numerator and denominator by
2kP we have

. m(2*PE N By (254Py) -
%irorl m(Bg» (26+7Py)) =1 (3.7)

or
Lim m(2F*PE N By (2577y)) = m(Bo»). (3.8)

k—00
(Where we write B, := B;(0).) So, given € > 0 there exists ko > 0 such
that for k > ko we have

m(2¥PE 0 By (25%7Py)) 2 (1 — €)m(Ba»). (3.9)

Now suppose K is a prescribed bounded measurable set, and p is
taken sufficiently large so that

2P > diam(K) + ?—

Then since for any w € R* we have dist(w, Z™) < —‘;—'_‘, it follows that
there is an n-tuple of integers zx = (2x(1), ..., 2k(n)) € Z" so that

K — 2z C By (2F7y).

Then for k > ko,

m(2¥PEN (K — z) > m(25PE N By (27y))
~(m(Bar (Py)\(K = )

> (1 - e)m(ng) - m(ng) + m(K)
= m(K) — em(Bg). (3.10)

This proves, with an obvious “¢” adjustment in the proof in case K is
not bounded but has finite measure:
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Proposition 3.5 Let E and K be measurable subsets of R*, with
m(E) > 0 and with m(K) < >c. Then given € > 0 there ezists kg € N
such that for each k > ko there exists z, € Z™ such that

m(2*EN (K - z)) > (1 -¢€e)m(K). (3.11)

Moreover, if 0 isw-point of density for E, then we may take z, = 0 for
all k.

Remark 3.6 It is clear that Proposition 3.5 remains valid with trans-
lation by points in Z" replaced with translation by points in 27 - Z".
That is, with “z;” in (3.11) replaced by “27z.”. This is the form we

will need.

To prove our main result we will appropriately modify the proof of
Theorem 3.1 found in [4]. The reader will notice a similarity in proof,
although significantly many more details are needed and the adaptation
is not very straightforward. The interested reader may wish to directly
compare the proofs to gain some insight.

Theorem 3.7 Letn be a positive integer. Let M C R™ be a measurable
set of positive measure with the property that M = 2M. Then there ez-
ists a measurable set G C M with the property that, if zZG = (21) "I xg,
then

{2"7"‘;2(2’% —0):meZte z<">} (3.12)

is an orthonormal basis for F~*(L*(M)).

Proof. First note that det(2]) = 2", so (3.12) fits the f;rm (1.1). Let
E = [-m,7]™ and let T = B,(0)\B;(0). Let F = M NT. Then
{2"F: m € Z} is a measurable partition of M, and F has positive
measure.

We will construct a disjoint family {Gi;: i € N,j € {1,2,}} of
measurable sets whose 2-dilates form a measurable partition {F},} of F
and whose translates by vectors in 27 - Z(™ form a measurable partition
of E. Then

G:=U{Gy: ieN,j =12}
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will satisfy our requirements, in view of the exposition following The-
orem 3.1. The it induction step will consist of constructing G; and
Gia.

Let {a;} and {3;} be sequences of positive constants decreasing to
0 and with o, < 7. Let V) be a ball centered at 0 with radius < ;.
Let Eu = E\:.V. Then m(E“) > 0. Let fu be a measurable subset
of F with measure strictly less than m(F). By Proposition 3.5 and
Remark 3.6, there exists k; € N and ¢, € Z", so that

—

m(2¥ Fy; N (Ey = 278)) > §m(Eu)-

Let Gu = 2k1f11 n (Eu - 27l'£1), let Eu = G11 + 27T£1, and let
Fu = Fn N 2—k1(E11 - 27T€1).

Then Fy; C F and m(F\F,) > 0. Also Ey; € By, and

1 ~

m(En) =m(Gn) 2 §m(E11).
Also G1; = 25 Fy;. Now choose Fi; C F, disjoint from F1,, such that
F\(Fy, U Fy5) has positive measure < f. Choose m; € N so that
2-™ [\, is contained in N; and is disjoint from Gi;. (This is possible
because Gy is bounded away from 0 since Fj; C F.) Set

Gu = E12 = 2—m1F12.

The first step is complete.

For the second step, which is slightly more complicated than the
first, note that since F is bounded away from 0, N1\ E\2 contains a ball
N, centered at 0 with radius < a; such that Ny\(Eq2 U N,) has positive
measure. Let

E‘21 = E\(En U E12 U Nz)

Then m(Egl) > 0. Let le be a measurable subset of F'\(Fy; U Fy2) for
which

m(F\(Fi1 U Fia U Fy)) > 0.

Since G,; and G, are bounded and F is bounded away from O there
exists k, € N with the property that k > ky = 2*F N (G U Gya) is
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emptyv. Again by Proposition 3.5 and Remark 3.6, there exists k; € N
and £, € Z" with ks > k; so that

m(2% Fy; N (Eyy = 2763)) > =m(Ey).

[0

Let
~- Ga1 =28 F5 N (Ey — 27ly),

let E21 = G21 + 271'82, and let
F21 = }“:‘21 N 2—k2(E21 - 271'@2).

Then F,, is a subset of F\(Fy, U Fyp) for which F\(Fy; UFj3UFy;) has
positive measure. Also, Ey; C FE»;, and

m(Ezl)-

N | =

m(Ey) = m(Gar) >

Also Gy, = 2%2F,;. The condition &y > I.cz implies Go; is disjoint from
G1: and Gi,. Choose a measurable subset Fps C F of positive measure
disjoint from Fy;, Fiz, F2; such that F\(Fy; U Fio U F5 U Fy,) has
positive measure < f,. Noting that Gy;, G2, G2, are bounded away
from 0, choose m; € N such that 2=™2Fy, is contained in N, and is
disjoint from Gy, Gy2, Go;. Set

G22 = E22 = 2_m2F22.

Now proceed inductively, obtaining disjoint families of sets of posi-
tive measure {Ej;} in E, {F};} in F and {G;}, such that fori = 1,2,...
and j = 1,2 we have

(1) Ga +2nt; = Ey,

(ii) Gi = Eyq,

(it) 27%Gy = Fy,

(iv) 2miGi2 = F,

(v) m(F\(FiUFU---UF,; UFp)) < B, and

(vi) m(Ey) > %m(E\(Eu UEpU---UE;i_;; UE;_12UN;))

1 1
Z Em(E\(En U Elg U---u Ei-l,l U E'_l'g)) - am(N,)

where N, is a ball centered at 0 with radius < o;.
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Since 3; — 0 item (v) implies that F\(UF};) is a null set. and since
@, — 0 then (vi) implies that E\(UE,)) is a null set. Let

Then G is 27-translation congruent to E = [, 7)™ by items (i) and
(ii). It is also 2-ditation congruent to F' by items (iii) and (iv), and thus
the 2-dilates of G form a measurable partition of M. The argument in
Corollary 3.3 now applies, concluding the proof. n
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